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Introduction. 


The subject of this thesis belongs to the branch of mathematics named algebraic 
i^-theory of forms, also called algebraic L-theory. The main objective of the 
theory is to classify quadratic and hermitian forms over rings endowed with an 
(anti-) involution up to some notion of similarity defined on the forms. 

The L-groups were originally designed in a geometrical context by C.T.C. 
Wall in 122 as ‘surgery obstruction groups’: In order to classify compact man¬ 
ifolds up to (simple) homotopy equivalence, one performs ‘surgery’, a certain 
process of cutting, replacing and glueing. Whether this surgery succeeds de¬ 
pends on an obstruction in some L-group of the group ring of the fundamental 
group of the manifold. Conversely, every element of the L-group represents a 
surgery problem. Thus the geometric question is translated into an algebraic 
one. We refer to §9 and particularly to corollary 9.4.1 of loc. cit. for the details. 

In his paper m Wall dehnes groups Ll{R) and L’^{R) for arbitrary rings R 
with anti-structure in a purely algebraic way. These L-groups, the ones we will 
work with, are in essence Grothendieck- and Whitehead groups of categories of 
(non-singular) quadratic modules. We refer to chapter I for the actual definition. 
In view of the preceding it is clear that one is particularly interested in the case 
where i? is a group ring. Very little is known about T-groups of infinite groups. 
The computations in the literature are either concerned with L-groups of finite 
groups (see e.g. ^1 ^]) or, when infinite groups are considered, the results 
obtained yield but very limited information (see e.g. [ 2 )- Our main aim is 
to compute L-groups by constructing sufficiently good invariants. Moreover, 
it is important to have such invariants at our disposal to evaluate a particular 
element in an L-group. 

To give a detailed description of our achievements in this direction, we need 
the following facts. 

Let i? be a ring equipped with an anti-structure. 

1. The anti-structure on R induces involutions on the algebraic LT-groups 
Ki{R), which in turn give rise to the Tate cohomology groups H*{Ki{R)) 
(* = 1 , 2 ). 

2. ([ 21 ]) There is an invariant L(* {R) —> H'‘{Ki{R)), called discriminant. 

3. ( 122 ) If / is a two-sided ideal of R which is invariant under the anti¬ 
structure and R is complete with respect to the /-adic topology, then 
L^{R) is isomorphic to Vl{R/1) and there is an exact sequence 

• • • ^ Ll{R) ^ LliR/I) ^ H\V) ^ LUm - LUWI) - ''' • 
Here V denotes the kernel of the map Ki{R) Ki{R/I). 

4. ( 12 ) There is a homomorphism Lf{R) — > {K 2 {R)) , called Hasse- 

Witt invariant. 
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The basic idea in our construction of new invariants is to extend the anti¬ 
structure on the ring i? in a rather exotic way to the ring of formal power series 
in one variable By combining 1 to 4 in this situation, we construct invari¬ 

ants for the L-groups Tf(i?) and L^[R) taking values in the Tate cohomology 
group H\Ki{R[[T]])) viz. 

u:{-.Ll{R) ^ H\K,{R[[T]])) io'l'.L’HR) ^ H\K,{R[[T]])). 

Further we obtain a secondary invariant u >2 which lives on the kernel of tu® 
and takes values in some quotient of the cohomology group [K 2 {R[\T\\)). 
The invariant iOi is a generalization of the discriminant homomorphism. To be 
precise, the discriminant homomorphism of 2 coincides with the composition of 
Ui and the natural projection H^{Ki{R[[T]])) H^{Ki{R)). 

In some of the cases where the results of ElElllIHIiniE] on the computation 
of if-groups can be applied, we are able to compute the value groups of our 
invariants. For the value group of we do this for commutative rings and 
for group rings. We compute the value group of uj 2 by assuming R to carry a 
structure of partial A-ring, by using the techniques of [S] to compute iF-groups 
of A-rings. The notion of partial A-ring occurs more or less implicit in iniini. 
In the cases we are interested in, this notion is much weaker than the notion of 
A-ring. 

We conhne our investigations to the ‘Arf-part’ of L^^iR). Roughly speaking, 
the ‘Arf-part’ of L 2 j(i?) is the subgroup consisting of differences of similarity 
classes of quadratic forms whose underlying bilinear forms are standard forms. 
We refer to section 2 of chapter I for a precise formulation of the definition. 
Whereas the discriminant and the Hasse-Witt invariant merely reveal informa¬ 
tion on the underlying bilinear form of a quadratic form, the new invariants wf, 
oji and UJ 2 detect the structure of the Arf-groups. 

It turns out that is not unfamiliar to us in the sense that its restriction 
to the Arf-group is essentially the Arf invariant constructed by F. Clauwens in 
his paper [^. Clauwens proved that this Arf invariant is injective for group 
rings of finite groups. We show that is an isomorphism whenever R is the 
group ring of a hnite group. The restriction of L 02 to the Arf-part of the kernel 
of Lof yields what we call the secondary Arf invariant. As an example we use 
these invariants to compute an L-group of the polynomial ring in two variables 
over the integers. Further we determine the Arf-group of the group presented 
by {X,Y,S I 5^ = (XS)'^ = {YS)"^ = 1, XY = YX). This example is typical 
in so far as it demonstrates how a suitable representation of the group under 
consideration enables us to compute the Arf-group. 

The fact that an instance of cyclic homology ini, endowed with some kind 
of squaring operation, emerges from the computations on the value group of 1 ^ 2 , 
gives the impulse to search for generalized Arf invariants, taking values in cyclic 
homology theory. We conceived the idea that some quotient of the quaternionic 
homology groups J.-L. Today m came up with, might serve as suitable value 
groups for new Arf invariants. In order to find legitimate value groups for these 
nascent invariants, some effort is needed to construct appropriate operations for 
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the various homology theories. The theory concerned with what we call ‘reduced 
power operations’ on (low-dimensional) Hochschild- cyclic- and quaternionic 
homology groups, is rather interesting in its own right. 

Ultimately we obtain an Arf invariant called T which takes values in a quotient of 
the quaternionic homology group HQi. It is a generalization of all Arf invariants 
mentioned so far: when we specialize to the case of commutative rings, we retain 
both the ordinary and the secondary Arf invariant at the same time. Based upon 
the techniques exposed in m we can compute the group HQi for group rings. 
This enables us to comprehend the value group of T to a certain extent. This 
group turns out to be a rather complicated direct limit of groups, nevertheless 
it is quite manageable in concrete situations and we are able to prove that T is 
injective for all groups that possess an infinite cyclic subgroup of finite index. 
Thus we have augmented the class of groups for which we are able to determine 
the Arf-group. It is not yet clear how good this invariant really is: on one hand 
there are examples of groups which do not belong to the above-mentioned class, 
for which T is injective, while on the other hand there are examples of groups 
for which we cannot determine whether T is injective. 

We touch upon the contents of each chapter now. The first section of chapter 
I is the reflection of an attempt to familiarize the reader with some of the 
notations, definitions and results from algebraic K- and L-theory, needed to 
define and study the Arf-groups. In the second section we define the Arf-groups 
and the Arf invariant. Then we give a presentation of the Arf-groups due to F. 
Clauwens |^. Further we mention the fact that the Arf invariant is injective for 
finite groups. We conclude the first chapter with a few examples of Arf-groups 
of (infinite) groups. 

In the second section of chapter II we construct the new invariants tof, and 
u )2 by extending a given anti-structure to the ring of formal power series I?[[T']] 
as described above. In section 3 we compute the value group {Ki{R[[T]])) 
of ojf and oj^ for commutative rings, and group rings. Then we show that the 
restriction of to the Arf-groups coincides with the Arf invariant in these 
cases. Further we compute the cohomology group {K 2 {R[[T]])) for rings R 
that possess a structure of partial A-ring, in section 4. The final section of this 
chapter is devoted to the example of the polynomial ring in two variables over 
the integers, Z[X, U] and the example of the group we mentioned earlier. 

As we mentioned before, the surfacing of operations on cyclic homology 
groups in the computations on L 02 , is the motivation for studying operations 
on Hochschild, cyclic and quaternionic homology in chapter III. We give the 
definitions of the various homologies and mention the most important examples 
in the first section. In the next section we construct operations on these ho¬ 
mologies needed to produce well-defined Arf invariants. Section 3 treats Morita 
invariance as a preparation for the definition of the invariant T in the final 
section. 

In chapter IV we apply all of the preceding to the case where i? is a group 
ring. In the first section we compute the quaternionic homology group HQi of 
group algebras. We use this in the second section to get an idea of what the 
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value group of T looks like in this case. In section 3 we characterize groups 
having two ends (or equivalently groups having an infinite cyclic subgroup of 
finite index), in a for our purposes convenient way, as pull-backs of finite groups 
and infinite cyclic or dihedral groups. In section 4 we show that T is injective 
for groups with two ends. 

Most of the results in chapter II are already contained in m 
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Chapter I 


Algebraic 1^-theory of quadratic forms 
and the Arf invariant. 


1 Collecting the relevant K- and L-theory. 

The material in this hrst section related to quadratic forms and L-groups has 
primarily been extracted from and |24 | , while the facts concerning the alge¬ 
braic it'-groups it'oi Ki and K 2 have been taken from |3] and m 

First of all we need the notion of ring with anti-structure. The word ring 
will always mean associative ring with identity, written 1. 

1.1 Definition. An anti-automorphism a of a ring i? is a ring isomorphism 
a: R ^ R°, where R° denotes the opposite ring of R. A ring with anti-structure 
{R, a, u), consists of a ring R, equipped with an anti-automorphism a of i? and 
a unit u G R such that a{u)u = 1 and a^(r) = uru~^ for every r G R. 

Remark. Let {R, a, u) be a ring with anti-structure. 

• If u is central in R, then a is an anti-involution, i.e. an anti-automorphism 
of order at most 2. 

• If a is the identity, then R must be commutative and = 1. The converse 
is not necessarily true. 

We give a few examples of rings with anti-structure including the most important 
ones. 

• R commutative, a the identity, u = ±1. 

Let (i?, a, u) be a ring with anti-structure. Then the anti-structure on R can be 
extended to 

• the group algebra i?[G], for every group G, by the formula 



• the ring of (n x n)-matrices over R by 


where (A“)y := a{Aji). Thus A“ is the conjugate transpose of A. 
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• the polynomial ring in one variable R[T] by 




• the polynomial ring in one variable R[T] by 


1.2 Definition. Denote by 'P{R) the category of finitely generated projective 
right i?-modules and i?-homomorphisms. The anti-automorphism a enables us 
to define a contravariant functor Da'-'P{R) ViR) as follows. 

For every P G Obj 'P{R) we define 

DaP := Homfl(P, R) equipped with a right i?-module structure by 
{gr){p) := a~'^(r)g{p), for every g G Hom/{(P, i?), p G P and r G R. 

For every / G Homfl;(P, Q) we define 

Daf G Homfl(P„Q,P„P) by {Daf ){h) ■■= h ^ f for all h G D^Q- 


1.3. We make the following observations. 

1. If M is free with basis Ci,..., Cm, then DaM is free with basis el, 

Here e* G DaM is determined by e*(ej) = Sy (Kronecker delta). One 
calls el,... ,el^ the basis dual to ei,...,e™. 

2. If M is free with basis ei,...,em, fV is free with basis and 

(p G Homfl(M, N) has {n x TO)-matrix A with respect to these bases, then 

is the matrix of Dap with respect to the dual bases. Just as in the 
case of square matrices {A°‘)ij = a[Aji) Note that {AB)°‘ = B'^A°‘. 

3. Suppose ei,..., Cm and /i,..., /„ are both bases of M and X is the base- 
change matrix. If A is the matrix oi p G Homfl;(M, DaM) with respect 
to ei,... ,em and its dual, then X°‘AX is the matrix of p with respect to 
fi,...,fm and its dual. 


1.4 Lemma. [3 section 1] The map r]a,u- l-p(fi) ^ D^ defined by 
{Va,uP){p)ig) ■= u~^a{g(j))) for every P G Obj V{R), p G P and g G DaP is a 
natural equivalence. 


Proof. Although the proof is rather straightforward we give some of the 
arguments because they might be instructive. 


• {Va,uP){p) S DaP. for every r G R we have 


{Va,uP){p){gr) 


u~^a{gr{p)) 

u~'^a(a~'^(r)g{p)) 

u~^a{g{p))r 

{Va,uP){p){g)r 
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• rja^uP & Hom/i(P, D'^P): for every r £ R we have 


{Va,uP){pr){g) 


u~^a{g{pr)) 

u~^a{g{p)r) 

u~^a{r)a{g{p)) 

a~^{r)u~^a{g{p)) 

a~\r){pc.^uP){p){g) 

{{ga,uP)ip)r){g) 


• Va,u is natural: for every </) G Hoin/j(P, Q) and h £ DaQ the diagram 

P DlP 

f]a,uQ 7-^2 


commutes since 


{Dimp^,^p){p)){h) 


{ga,uP){p){Daf{h)) 

u~^a{h{f{p))) 

iVa,uQ){f{p)){h) 


■ ga,uP is an isomorphism: there exists a canonical isomorphism 
Dct{P (B Q) = DaP © DaQ^ so we may assume that P is free with basis 
ei,..., Cm say. From the definition of p we deduce (pa,uP)(Pi) = e**M. 

The rest is clear. • 


Corollary. If M is free with basis ei,..., Cm, then pa,u{M): M —s- D^M has 
matrix ulm with respect to ei,..., Cm and el *,..., e“. 

Notation. From now on we write P“ instead of DaP and /“ instead of Daf ■ 

1.5 Proposition. The map Ta^u = Ta,u{P, Q)' Homfl;((3, P“) ^ Homfl;(P, <5“) 
defined by 

TaAf) ■■=r^gc,uP 

is a natural isomorphism and Ta,u{P,Q) ° Ta.uiQ, P) = lHomB(p,Q“)- In' other 
words Ta^u defines a self-adjunction of the functor Da- 

Proof. As in 0 Proposition 1.2] • 

1.6 Lemma. If M is free with basis ei,...,em and </> £ Hom/^(M,M“) has 
matrix A with respect to this basis and its dual, then Ta^uif') has matrix 
with respect to the same bases. 
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Proof. Immediate by the corollary to definition ^31 and the second observation 

of ll.dl • 

We are now in a position to introduce the notion of quadratic module. 

1.7 Definition. In the case that P = Q in proposition [T31 we obtain a group 
endomorphism Hom/j(P, P“) —> Homfl;(P, P“) satisfying ^ = I. 

A quadratic, to be precise (a, M)-quadratic, i?-module is a pair (P, [(ji]) consisting 
of a module P S Obj P(P) and the class [^] S Coker(l — of an element 
(j) e Hom/j(P, P“). 

The quadratic module (P, [0]) is called non-singular if the image 6 [ 0 ] of [(j)] 
under the ‘bilinearization-map’ b: Coker(l — Ta^u) Ker(l — induced by 

the homomorphism I-I-Tq ^: Hom/j(P, P“) ^ Homij(P, P“), is an isomorphism. 

Remark. 

• If 2 is invertible in P, then b is an isomorphism, with inverse determined 

hy (j) Thus there is a 1-1 correspondence between non-singular 

quadratic forms and symmetric non-singular bilinear forms, i.e. elements 
of Iso(P, P“) n Ker(l - 

• In the literature one denotes by Sesq(P) the additive group of sesquilinear 
forms on P i.e. biadditive maps </>: P x P —*■ R satisfying 4‘{pPitP 2'<'2) = 
a~"^(ri)4>(pi,p2)r2 for every pi,p 2 € P and ri,r 2 S R. In the case that R 
is commutative and a is the identity, Sesq(P) is the group of P-bilinear 
maps. There is a bijective correspondence Sesq(P) <—> Hom/i(P, P“) by 
associating to an element (j) G Sesq(P) the map / G Homff(F, P“) defined 
by f(pi)(P 2 ) := (t>(pi,P 2 ) for every pi,p 2 £ P. 

We proceed to define the various categories of quadratic modules. Along the 
way we shall briefly recall the relevant definitions and facts from algebraic K- 
theory. 

The following categories and functors will all be ‘categories with product’ as in 
m Ch.VII, §1]. 

1.8 Definition. 

• Let Q(P, a, u) denote the category with 
objects: non-singular quadratic (right) P-modules, 

morphisms: (P, [^]) —> (Q, ['i/']) are the isomorphisms f:P^Q satisfying 

[/“''A/] = [(J)], 

product: 

{P^ -L (Q, M) := {P © Q, [{np)°^(j)TTp + {nQ)°‘iljTTQ]), 

where 7 rp: P 0 Q —> P and ttq: P 0 Q —> Q are the natural projections. 

• Let P(P) denote the category with 
objects: objects of P(P), 
morphisms: isomorphisms of P(P), 
product: product ofP(P). 
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• Now on one hand we have the forgetful functor F:Q{R,a,u) ViR), 
which is of course product preserving. While on the other hand there is 
the so-called hyperbolic functor H:V{R) Q{R, ct, u) defined by 

H{P) := {P 0 P“, H), H{f) := / 0 (/“)-\ 

where v: P (B P“ — > (P 0 P“)“ is determined by {v{p, g)){p', g') '■= g[p')- 
H is product preserving as well. The objects H{P) are called hyperbolic. 

• A product preserving functor G:C ^ V is called cofinal if for each object 
A oiV there exist objects B oiV and C oi C, such that A P B = G{C). 
A subcategory C of a category V is called cofinal if the inclusion functor 
is cofinal. 

1.9 Lemma. E3 theorem 3]. For every (P, [</)]) S Obj Q{R,a,u) there exists 
an isomorphism (P, [</)]) _L (P, —[0]) = H{P). Consequently H is cofinal. 

Proof. It is not hard to verify that the morphism P (B P ^ P (B P“ defined 
by ^{pi,P 2 ) ■■= {pi - b'^J^{(j){pi-p 2 )), 6 [ 0 ](pi -P 2 )) does the job. We refer to loc. 
cit. for a detailed proof. • 

1.10 Definition. As usual GL(P) denotes the direct limit of the general linear 
groups GL„(P) consisting of invertible n x n-matrices over R, with respect to 
the embeddings GL„(P) ^ GL„+i(P) defined by 

(A)^ for all (A)gGL„(P). 

A matrix is called elementary if it differs from the identity matrix at no more 
than one off-diagonal position. Denote by En{R) resp. E{R) the subgroup of 
GL„(P) resp. GL(P) generated by all elementary matrices. According to the 
Whitehead lemma in §3] E{R) coincides with the commutator subgroup of 
GL(P). By definition KiR := GL{R)/E{R). We use the additive notation in 
the abelian group KiR. 

There is a general procedure for defining the Whitehead group KiC of a 
category C with product, but we do not need it for our purposes. It follows 
from lemma 11.91 that the P(P") are cofinal in Q{R,a,u). According to 0 
Ch.VII, §2.3] we may just as well define KiQ{R,a,u) as follows under these 
circumstances. 

1.11 Definition. KiQ{R,a,u) is the commutator quotient of the direct limit 

lim Aut(P(P”)) 

where the limit is taken with respect to the canonical embeddings 
Aut(P(P")) —^ Aut(P(P’^) T H{R)) ^ Aut(P(P’^+i)). 
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1.12 Remark. Analogously Ki{R) is the Whitehead group of both 'P{R) and 
V{R). Since the free modules i?" are cofinal in both categories, the groups 
Ki(V{R)) and Ki(V{R)) both coincide with the commutator quotient of the 
direct limit 

lim Aut(i?") 

where the limit is taken with respect to the canonical embeddings Aut(i?”) —> 
Aut((i?”) _L (i?)) = Aut(i?"+^). Upon choosing a basis for R" we may identify 
Aut(i?”) with GL„(i?) and consequently KiP{R) = Ki{V{R)) = KiR. 


1.13. Let us return to Q{R, a, u). We choose a basis for i?” and the dual basis 
for Since the matrix of v with respect to these bases, takes the form 


U2n : = 


0 In \ 
0 0 J 


we may identify Aut(iL(i?”)) with the subgroup of GL 2 „(i?) consisting of all 
matrices 


f A B 
\ C D 


G GL 2 „(i?) (here A, B, C and D are n x n-matrices) 


satisfying 


f A B Y f 0 In\( A B 

VC D ) 1^0 0 yVC D 


0 In 
0 0 


= a: - a:“m 


for some (2n x 2n)-matrix X. This subgroup of GL 2 n(R) is called the general 
quadratic group and is denoted by GQ 2 „(i?). As a consequence Ki{Q{R, a, u)) 
can be identihed with the commutator quotient of the group 

GQ(R) :=lim GQ 2 „(R), 

where the limit is taken with respect to the embeddings 




/ A 

0 

B 


f A B ^ 

\ ^ 

0 

1 

0 

0 

[C D ^ 


C 

0 

D 

0 



\ 0 

0 

0 

1 / 


1.14 Definition. For every n G N we define ta,u' GL 2 „(-R) ^ GL 2 ri(i?) by 
ta,u{X) = U2nX°‘U2n for every X G GL2„(i?), here U2n ■= 

Explicitly: for every 


0 In 
Uln 0 


f A B 
\ C D 


G GL2„(-R) 
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we have 


A B 
C D 


C°‘u 


Note that D°‘ = u ^D°‘u since a^{r) = uru ^ for every r G R. Furthermore, 


ta^u is an anti-involution since 


= U^2{U^2X^U2nrU2u 


= U^^uXu-^U!^ 

= X 


1.15 Proposition. The following statements are equivalent: 


A B 
C D 


G GL2„(-R) 


belongs to GQ 2 „(i?) 


GL2„(i?) 

A<^C A^D - 1 \ ^ ^ 

B°^C B^^D \ = X-X u for some X 


A B 
C D 


G GL2„(-R) 


A°‘D + C‘^uB = 1 
A'^C + C^uA = 0 
B'^D + D°‘uB = 0 

the diagonal entries of A°'C and B°‘D belong to 
{a; — a{x)u \ x G i?} 


A B 
C D 


G GL2„(-R) 


A B 
C D 


A B 
C D 


and the diagonal entries of A°'C and B°^D belong to {x — a{x)u \ x G R} 
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(e) 

' A°‘D + C°^uB = 1 
A°‘C + C°‘uA = 0 
i3“Z? + D°‘uB = 0 
DA^ + Cu-^B°^ = 1 
' DC°‘ + Cu-^D°^ = 0 
BA^^ + Au-^B°‘ = 0 

the diagonal entries of A’^C and B°‘D belong to 

{a; — a{x)u \ x S R} 

Proof. 

(a) <^ (b): 

Immediate by writing out the condition in ll.llll 

(b) <^ (c): 

From 

f A‘^C A^^D - 1 \ V r V 

( j = X -X u for some X. 

it follows that 

' - 1 = -{B°^C)°^u = -C°^uB 

0 = y4“C' + (y4“C)“M = A°‘C + C°^uA 
< the diagonal entries of A°‘C belong to {x — a{x)u | a; e i?} 
0 = B°‘D + {B°‘D)°‘u = B°^D + D°^uB 
the diagonal entries of B^D belong to {a; — a{x)u | a; G i?} 


and vice versa. 

(c)<t^ (d): 

The identity A°‘D + C^uB = 1 holds if and only if D°‘ ^ A + u~^B°‘C = 1. 
Combined with the other equations of statement (c) this reads 


1 

0 



/ D“ ' 
C°‘u 

(t 


A B \ 
CD) 

A B \ 
C D )' 


The rest is obvious. 

(d)<^ (e): 

Immediate by writing out the equations 


1 

0 


0 

1 


A B 
C D 



A 

C 



1 

0 


0 

1 



A B 
C D 
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A B \ 
C D )■ 




and 






1 . 16 . The product preserving functors 


F: Q{R, a, u) F{R), 
H:V{R) Q{R,a,u) 

and 

D^-.V{R)^V{R) 
of definition O and o induce homomorphisms 

F^: KiQ{R, a, u) KiR, 
KiR KiQ{R, a, u) 


and 


t = ta' KiR KiR. 


Now F^ is determined by 


F*([X]) = [X] for every X G GQ(i?), 


by 

thy 


H4[X]) 


X 0 
0 


for every X G GL(i?). 


t([X]) = [X“] for every X G GL(ii). 
Note that t is an involution since 


f{[X]) = [X““] = [uXu-^] = [X]. 


1.17 Lemma. F* • = 1 — t. 


Proof. For every X G GL(i?) we have 

f X 0 \ f XiX’^)-^ 0\ 0 \ 

\o 0 1/vo 

But according to m §2] the class of 

/X“ 0 \ 

1 0 (^“)-V 


is trivial in Ki{R). In view of the preceding this proves the assertion. • 


1.18 Definition. m A subgroup X of KiR is called involution invariant if 
t{X) = X. For every involution invariant subgroup X of KiR define 


L^{R,a,u) 


Ff\X) 
H^X) ■ 
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1.19 Definition. 


• Let B{R) denote the category with 

objects: (M, e) where M is a free right i?-module and e = [ei,..., e 2 m] is 
an equivalence class of bases of M ; two bases being equivalent when the 
base-change-matrix belongs to E{R), i.e. it represents 0 G Ki{R), 
morphisms: isomorphisms preserving classes, 
product: (M, e) _L (TV, /) := (M 0 N, ef) where 

e = [ei,..., e 2 m], f = [fi, ■ ■ ■, f 2 n] and ef = [ei,..., e 2 m, /i, • • ■, f 2 n]- 

• Let BQ{R,a,u) denote the category with 
objects: 

where (M, [(()]) G Obj Q{R,a,u) and (M, e) G Obj B{R), 
morphisms: isomorphisms preserving both structures, 
product: obvious. 

• Again there is a product-preserving functor Ht:B{R) BQ{R,a,u) de¬ 
fined by 


HbiM, e) := (M © [u], ee*) Hi,{f) := / © (/“)-!. 

Here e* = [e*,...,e*J and V is as before. 

1.20 Lemma. Ht is cofinal. 

Proof. Let {M,9,e) be an object of BQ{R,a,u). Lemma [TUI supplies a 
Q{R, a, it)-isomorphism 

C: (M, 0, e) © (M, -9, e) ^ HbiM, e). 

Let 7 be the element ^ determines in KiR. By choosing the class / of bases of 
M (B M in such a way that 

f:{M(BM,9± -9, f) ^ e) 

represents —7 G KiR, we obtain a BQ{R, a, u)-isomorphism 

^ (M, 9, e) © (M, -9, e) © (M © M, 6» - 6», /) ^ HbiM © M, ee). 

This proves the assertion. • 

1.21 Definition. Let (C,©) be a category with product. The Grothendieck 
group KqC of C is defined as the abelian group given by the following presenta¬ 
tion: 

generators: classes [A] of isomorphic objects A of C. We assume that these 

classes form a set. 

relations: [A] + [B] = [A © H]. 

1.22. Lemma implies that 


10 


• each element of KqBQ{R, a, u) can be written in the form [A] — [B] where 
A G BQ{R,a,u) and B is hyperbolic. 

• the equality [A] — [B\ = [A'] — [B'] holds in KQBQ{R,a,u) if and only if 
there exists a hyperbolic object C such that AAB'AC = A'ABAC. 

1.23 Definition. Define KQBQ{R,a,u) as the kernel of the rank-map 

rk: KqBQ{R, a,u) ^ Z 

induced by the map 

BQ{R,a,u)^Z given by {M,0,[ei,... ,e 2 m])^m. 

1.24 Definition. The map BQ{R,a,u) KiR determined by 

(M, 0 , e) H-» [a ‘matrix’ of bg with respect to e and e*] 
induces a homomorphism S: KqBQ{R, a, u) —>■ KiR, called discriminant. 

1.25 Remark, hg determines a matrix with respect to e and e* only up to 
elementary matrices. It is therefore legitimate to speak about the class of this 
‘matrix’ in KiR. 


1.26 Remark. Further we ought to mention the fact that 5 is a priori non¬ 
trivial on hyperbolic objects: 

given a hyperbolic object Hg{M,e) = {M 0 M“, [t;],ee*) in BQ{R,a,u), the 
matrix S 2 m of v actually (not only up to elementary matrices) takes the form 


E 


2m — 


0 

0 


(no matter what e looks like). 


Hence 6 [„] has matrix U 2 m = I r ^ ] ■ class of this matrix in KiR is 

\^Ulm ^ J 

not necessarily trivial. 

1.27 Definition. [241 §3] Define a homomorphism t : Ki{R) KqBQ{R^ a, u) 
as follows : 

Suppose we are given an cc G Ki{R). Choose {M,9,e) G BQ{R,a,u) and 
7 G Aut(M) in such a way that the matrix determined by 7 represents x in 
Ki{R). Define r([a;]) := [(M, 6 », 7(e)]- [M, 6 », e] where 7(e) = [7(61),..., 7(62™)]. 
It is not hard to check that r is a well-defined homomorphism. 

1.28 Lemma. (5 = t = 1 0 t. 


Proof. Using the third observation of 11.31 we obtain 

S o t([H]) = [A°‘BA\ - [B] = = (1 0 t)([A]) for all A G GL(i?), 

where H is a ‘matrix’ of bg and 9 is as in the construction of r. • 
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1.29 Definition. For every involution invariant subgroup X of KiR define 


here S: KqBQ{R, a, u) Ki{R) is the restriction of the discriminant. 

Notation. Write L® instead of and instead of for e = 0,1. 

1.30. Let {R,a,u) be a ring with anti-structure and X an involution invariant 
subgroup of Ki{R). Every element I of Lq {R, a, u) can be written in the form 

[M, [0],e] - [M', 

with rk{[M, [iji], e]) = rk{[M', [</)'], e']) = 2m say. Let 

T{[M,[(j)],e]) resp. r{[M' ,[(j)'], e]) 

denote the matrix of (j) resp. (j)' with respect to a basis in the class e resp. e'. 
Since the quadratic modules {M, [0]) and (M', [</>']) are non-singular, it follows 
from definition o that these matrices belong to Af 2 miR), where 

Mk{R) := {T G MkiR) I r + r“w G GLfc(i?)}. 

We associate to I the difference 


[r([M, [0],e])]-[r([M',[0'],e'])] 

of classes with respect to the following relations: 

o For all Fi, r'l G A/ 2 mi (R) and r 2 , F^ G Mms (i?), 

Fi] - rj + [F^] - [F'] = [Fi ± F 2 ] - [FI ± ry. 
where _L is determined by 


A B 
C D 


_L 


X 

C 


B' 

D' 



0 

B 

0 

0 

A' 

0 

B 

c 

0 

D 

0 

\ 0 

C 

0 

D 


This follows from the definition of the product in BQ{R, a, u). 
o For all S G M 2 m{R) 

[r] = [F + s-s“w]. 

This is clear in view of definition o and the observations of II.31 
o For all A G GL 2 m(.R) with [A] G X 

[F] = [A“rA]. 

This is a consequence of definition 11.81 and the observations of ll.3l 
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Conversely, for all r,r' S N 2 m{R) we associate to [F] — [F'] the element 

[(/.'], St] e L^iR,a,u). 

Flere st denotes the standard basis of and (j) resp. (j)' is the homomorphism 
which has matrix F resp. F' with respect to this standard basis. 

Thus we have established a bijective correspondence between elements of 
Lq {R,a,u) and differences of classes of elements of N 2 m{R) under the given 
relations. Regarding the first item of ll.221 we may thus write every element of 
Lq {R,a,u) as a difference [F] — [E 2 m], with F G Af 2 m{R)- 

Finally, we interpret the second item of ll.22l as follows. For all F G Af 2 m{R) 
and F' G A4m'(R), 

[F] - [^ 2 ra] = [F'] - [^ 2 m' ] In {R, «, u) 

if and only if there exist n G IN, S G M 2 (n+m+m’) and A G GL 2 („+m+m') such 
that 


F T ^ 2 in+m') = A“ (r' T S 2 („+^))A + E-E‘^u and [A] G -F. 

We conclude this section by stating some definitions and facts from algebraic 
K- and L-theory needed in the sequel. 


1.31 Theorem. ES Theorem 3] Given an abelian group A and an involution 
t\ A—> A the Tate-cohomology groups Lf"(A;t) are defined by 


H^{A-t) 


Ker(l- {-l^t) 
Im(l + (—l)"t) 


Suppose Xi C X 2 are involution invariant subgroups of Ki{R), then there exists 
an exact sequence 


H^X 2 /Xi)^ L^^iR, a, u) ^ 1 F°(A’ 2 /A’i) 


Li'^{R, a, u) 
{R, a, u) 


Li^ {R, a, —u) 


L^^{R,a,-u) 


ijO(T 2 /Ti) (R, a, -u)^L^^ (R, a, -u)^ H\X 2 lXi) 

Here f resp. S is induced by r resp. S. 


1.32 Theorem. m Morita invariance. 

If {R, a, u) is a ring with anti-structure and the matrix ring Mn{R) is equipped 
with the conjugate transpose anti-structure, then L*{Mn{R), a,uln) is isomor¬ 
phic to L*(R, a, u). 
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1.33 Theorem. 12^1 Scaling. 

If {R,a,u) is a ring with anti-structure and v is a unit in R, then L*(R, a,u) 
is isomorphic to L*(R,a',u'), where a'{r) := va(r)v~^ and u' := vot{v~^)u. 


1.34 Theorem. |27| Lemma 5] Suppose I is a two-sided ideal of R such that 
R is complete in the I-adic topology. If a{I) = I, then R/I can he equipped 
with an anti-structure in an obvious way and the projection R —> R/I induces 
an isomorphism L^{R) —*■ L^{R/1). 


1.35 Definition. m Denote by e^- (a) S En (R) the elementary matrix having 
the element a G R at the (j,j)-entry. 

For n > 3 let St„(i?) be the group with the following presentation 
generators: one generator Xij(a) for every eij{a) G En{R) 
relations: 

Xij{a)xij{h) = Xij{a + b) 


[xij{a),Xkiib)] 


1 li i ^ l^ j ^ k 
Xii{ab) a j = k, i ^ 1. 


The Steinberg group of R denoted by St(i?) is by definition the direct limit 


lim Stjj(i?), 


where the limit is taken with respect to the embeddings St„(i?) ^ St„ +i(^) 
coming from the embeddings En{R) ^ En+i{R) of definition 11.101 Since the 
relations for the Xij in St„(i?) also hold for the eij in En{R), there is a natural 
homomorphism (^:St„(i?) ^ En{R), taking generators Xij{a) to eij{a), which 
in the limit gives rise to a homomorphism E{R) St{R). The kernel of this 
last homomorphism is by definition the Lf-group K 2 R. 

1.36 Lemma. [H theorem 5.1] K2R is the center of the Steinberg group. 

1.37 Definition. Denote by GL 2 oo(.R) the direct limit of the groups GL 2 „(i?) 
with respect to the embeddings 

GL 2 „(i?) ^ GL 2 („+i)(i?) defined by 

Similarly one defines E 2 oo(,R) and correspondingly St 2 oo(.R)- 

1.38. m corollary 1.7] The anti-involutions ta^u on the GL 2 n(i?) give rise to 
anti-involutions on the E 2 n{R) which in turn lift to anti-involutions of St 2 n(.R)- 
See definition im for formulas. These provide for the following commutative 
diagram with exact rows and vertical arrows (anti)-involutions: 

0^ K2{R) St2oo(i?) ^ GL2oo(i?) Ki{R) -^0 

ta ta.u. ta.u tc 

0^ K 2 iR) St2oo(i?) ^ GL2oo(i?) KliR) -^0 




0 

B 



0 

1 

0 


/ 

c 

0 

D 



\ 0 

0 

0 

1 / 
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1.39 Definition. Following one can construct a homomorphism 


G-.Ll{R)^H\K^{R)-t) 

as follows: 

Let 

I = [T]- [S2m] e Lo(-R) 

and X = r + r“it. Then 

e E{R) and X°^u = X. 

Hence 

t^,uiU2^X) = = U^^X‘^U2„,U2m = U^^X^U = U^J,X. 

Now choose a lift 7 € St(i?) of U^^X and define 

G{ 1 ) := [^~^ta,u'y] G H^{K 2 {R)-,t). 

It’s not hard to check that G is a well-defined homomorphism. 
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2 The Arf invariant. 


In this section we define the main object of study in this thesis: the Arf-groups. 

Suppose we are given a ring with anti-structure {R,a,u) and an involution 
invariant subgroup X of Ki{R). We will analyse the subgroup of Lq {R,a,u) 
consisting of all differences of classes of forms whose underlying bilinear form is 
standard. 


2.1 Definition. Recall the considerations of ll.dOl and define Avi^{R,a,u) as 
the subgroup of Lq {R,a,u) generated by all elements 


(AB) := 


A Im 

0 B 


0 Im 

0 0 


where A, B € A™(i?) := {X G | X -h = 0}. 

Note that 


( n 


and 

(o 'o) 

1 0 

B ; 


lo 0 ; 


both belong to N 2 m{R)- 

Further we define Tm{R) '■= {X — X°‘u \ X G MmiR)}- 

2.2 Lemma. All elements (A, B) of Arf'^(i?, a, u) can be written in the form: 

m 

[A, B) = 'y ^ [Ajj, Bii). 

i=l 

Proof. Recall 11.301 Since A + A°‘u = B + B°‘u = 0 we find 
(A.B) = [(; 

0 Bi, 


E 

Z = 1 *- 

m 

'y ', {Aii, Bii) 


0 we find 

Im\ 


0 )\ 


'[0 

ly 


ojj 




2.3 Proposition. 

Suppose we are given A, B G AmiR) and A', B' G Am'iR)- Then 
{A, B) = {A', B') in Arf‘^(i?, a, u), 
if and only if there exist 


n G N and 


X Y 
Z T 


G G\j2(^ri+m+m'){.A) with 




[U 

t)\ 


G A, 
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such that 


A' = X^AX + + Z^^BZ (mod r„+„+„/ (R)), 


B'= Y°^AY + Y^T + T°‘BT (mod r„+„+„,(i?)) and 






u 

T j 

u 

T j 


-1 


Here A,B,A',B' are considered to be elements of Mn+m+m'(,R), by the embed¬ 
dings Mk{R) ^ Mk+i{R) defined by 


(C) 




Proof. Regarding the final assertion of ll.dOl it suffices to make the following 
statements. Define k := n -\- m + m'. 




' A 

Ik 

[ z 

T ) \ 

. 0 

B 


X Y 
Z T 


takes the form 


dl' h \ 

0 B' J 


(mod T2kiR)) precisely when the difference 

f X°^AX + + Z°^BZ X^AY + X“r + A _ / R ] 

Y‘^AX + Y^Z + T‘^BT Y‘^AY-I-Y‘^T + T‘^BT J [ 0 B' J 

belongs to r2k(R)- From the fact that the matrices A, B, A!, B' in this expression 
belong to A 2 k{R) we deduce: 


X°‘T + Z°‘uY = 1 
+ Z°^uX = 0 
Y°‘T + T^^uY = 0 


This is equivalent to 



X Y 
Z T 


X Y 
Z T 


= 1 . 




We will give a presentation for the groups Arf'^(i?, a, u) in the next theorem. 
Although our definition of the Arf- and L-groups is a priori quite different 
from the one in |^, the presentation is nearly the same. We refer to pP for a 
comparison of the various L-groups. Moreover this presentation is not quite the 
same as the one in |3, because our u is not necessarily central in R. At least 
not yet. 

2.4 Theorem. Compare |S]. 

As abelian group Arf^{R,a,u) has the following presentation: 
generators: (a, b) where a,b G Ai{R) 
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relations: 1) 
2 ) 

3 ) 

4 ) 

5 ) 

6 ) 

7 ) 


(a, bi + 62) = (a, bi) + {a, 62) 
(ai + 02 , b) = (oi, 6) + (02,6) 
(a, b) = (6, uau~^) 

(a, 6) = 0 

(a,a(x)bx) = (xaQ;“^(a;), 6) 
(a, 6) = (a, baa~^{b)). 

Y.l=i{{X^Z)u,{Y<^T)u) = 0 



y] 



\Z 

t) 

1 ^ 

T j 


for all a, 5 i, 62 G Ai(i?) 

/or all oi, 02,6 G Ai (i?) 
for all a,b G Ai(i?) 
for all a G Ai{R), b G I"i(R) 
for all a,b G Ai{R), x G R 
for all a,b G Ai{R) 



Y 

T 

X 

Z 


J G Glj2niR), 



G A. 


Proof. Arf'^(i?, a, u) is generated by the {a,b) because of lemma To 
prove the relations, we will now exploit proposition 12.Ill 
Let A, B G Ajjii^Rf 
Choosing 

{X Y\^flm u-^B\ 

\Z T) Vo ) 

in proposition 10 yields 

{A,B) = {A,(u-^B)°‘Au-^B + (u-^B)°‘+B) 

= {A,B°‘uAu-^B+ B°‘uAB) 

= {A,BAB°‘~"). 

Taking m = 1 this proves 6 . 

Choosing 

{X Y\ 0 \ 

\Z T) \A 

in proposition 01 yields 


(A, B) = (A + A + A“BA, B) = {A°‘BA, B). 

As a consequence (a, 0 ) = ( 0 ,a) = 0 for all a G Ai{R), which proves 4 - 
Let A', S', C", D' G AmiR) and X' G Mm{R). 

Choosing 

A = 


r' 


B=r' 


V 0 

C" / ’ 

\ 0 

D' 


and 



y] _ 

/ 7 m 

0 

0 

7 m 

0 

-u-^X'^ 


[z 

t) 

0 

0 


0 1 



\ 0 

0 

0 



proposition 10 yields 


A' 0 \ fB' 0 
0 C" j ’ I 0 D’ 
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0 W 0 -uX'\ [A' 

c) ’ Vx'“ 0 y V 0 



o\ / 0 

C) 



+ 


((A' 0\ (uX'C'u-^X'°‘ 0 \,(B' 0 \\ 

0 X'‘^A'X')^{0 D'j) 


Hence 


{A', B') + (C', D') = {A', B' + uX'C'u-^X'°‘) + (C", X'°‘A'X' + D'). (1) 

First choose C = u~^B'u, D' = 0 and X' = 1 to obtain 

{A',B') = {u-^B'u,A'), 


which proves 3. 

Then choose A! = D' and X' = 1 to obtain 

(A', B') + {C, A') = (A', B' + uC'u-^) 
which by 3 is equivalent to 

(A', B') + (A', uC'u-^) = (A', B' + uC'u-^). 


This proves 1. 

Note that 2 follows from and 1 and 3. 

In order to verify 5 we use 1, 2, 3 and 4 to see that equation Q comes down to 

{A\uX'C'u-^X'") = (C',X'“A'X'). 


But since (A', mX'C'm ^X'“) = (X'C"X'“ , A'), this proves 5. 

'X F' 

Z T 


Note that all choices for 
of proposition E31 


we have made so far satisfy the conditions 


a: y 
z T 
it suffices to show that 


Finally suppose 


agrees with the conditions of 7. To prove the theorem 


{X’^AX + X°^Z + Z°‘BZ, Y^^AY + Y°‘T + T°‘BT) = (A, B) + {X°^Z, Y°^T) 

modulo the relations 1 to 6. This is accomplished by using the relations for 
X, Y.Z and T listed in proposition n~T3i We equate 

{X^AX,Y^AY) = {YX^AXY^~\A) = {XY^~\A) 

and in the same fashion 

{Z°‘BZ,T°^BT) = {ZT°‘~\b). 
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Further 


(X°^AX,Y°‘T) + {X°^Z, Y°^AY) 

= (A,x“V“TX“) + (rx“zr“'\y4) 

= (u-iX“ V“TX“u, A) + (YX^ZY^~\A) 

= {XY°‘~\A) 

and analogously 

{Z°‘BZ,Y°^T) + {X°‘Z,T‘^BT) = {ZT‘^~\b). 

Finally we have 

{X°‘AX,T°^BT) + {Z°‘BZ, Y°‘AY) 

= {A,X°‘\°‘BTX°‘) + {YZ°‘BZY°‘~\A) 

= {A, X°‘^T°‘BTX°‘) + (A, uYZ^BZY°‘~\-^) 

= {A, X°‘^T°‘BTX°‘) + (A, (1 - X°‘^T°‘)B{1 - TX°‘)) 

= {A,B). 


This completes the proof. 

2.5 Theorem. There is a well-defined homomorphism, called Arf invariant 

w. XA^{R,a,u) R/k{R), 

defined by 


{A,B) ^ [Tr{A°‘B)\. 

Here k{R) denotes the additive subgroup of R generated by 

{x + 2 / + a{y) \x,y G R} 

Observe that xy — yx, 2x G k{R) for all x,y G R. 

Proof. Analogous to the proof of |S| theorem 2]. 

2.6 Definition. For every group G we define 






and correspondingly 

ArF’^(G) := ArF’^(lF 2 [G], a, 1), 

where a is determined by a{g) := g~^ for all g G G. Further we define 

F2[G] 


KiG) := 


nmC])' 
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2.7 Remark. See also |^. From the presentation of theorem EH we deduce 

that Arf®’^(G') is generated by all {g, h) with g, h G 2 G := {x G G \ = 1} and 

that the following relations hold: 

{g,h) = {h,g) 

{g,h) = {xgx~^, xhx~^) for all xGG 

{ 9 ,h) = {g,hgh). 

The value group K{G) of the Arf invariant Arf'*’^(G') —> K{G), is in fact the 
F 2 -vectorspace generated by the quotient set d'(G) := G/~, where ^ denotes 
the equivalence relation on G generated by g ~ 5 “^, g hgh~^ and g ^ g^. 

2.8 Theorem. The Arf invariant Arf®’^(G) ^ K{G) is injective whenever G 
is a finite group. 

Proof. We refer to |S] for the proof. • 

We will revert to these theorems later on. 

2.9 Lemma. Let a, b and c be elements of order two in a group G and assume 
that c commutes with a and b. Then the relation 

(a, be) = (a, b) 

holds in ArF’^(G). 

Proof, (a, be) = {a,bcabc) = (a,bab) = {a,b). • 

Example. Let G be the group with presentation 

(X, SIX^^ = S^ = 1, SXS = X^). 

So G is a semidirect product of the group of order 2 and the cyclic group of 
order 12 . 

2.10 Proposition. The elements (1,1), {X‘^S,S) form a basis for Ari^’^{G). 

Proof. A little computation yields C£{G) = {[1], [A]}. The Arf invariant is 
injective and maps (1,1) to [1] and {X'^S, S) to [X^] = [A], hence the assertion 
is true. • 

The following example is meant to illustrate how tricky manipulations with the 
relations in Arf®’^(G) can be. 

Example. Let G be the group with presentation 

G:={X,Y,S\S'^ = {XS)'^=Y^^ = 1, SYS = Y\ XY = YX). 

This group fits into the short exact sequence 

1 ^ G X Gi 2 G G 2 1, 
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where C 2 has generator S, C 12 has generator Y and C is the infinite cyclic group 
generated by X. Actually G is a semidirect product of C 2 and C x G 12 . We 
show that the elements {S, SX^Y^) and {SX, SX^Y^) of Arf®’^(G) coincide. 
The Arf invariant to maps both elements to the class of X'^Y^ in K(G). We 
equate 


{S, SX^Y^) 


{S, SX^Y*) 

(S, SX^Y^) 

(S, SXY^) 

(SXY^SSXY^, SXY^SXY^SXY^) 
(SX^Y^,SX) 

(SX, SX^Y^) 

(SX, SX^Y^) 

(SX, SX^Y^) 

(SX, SX^Y^). 


Since the Arf invariant maps both (S, SY^) and (SX, SXY^) to the class of Y^ 
in K(G), one might conjecture that these elements are equal too, but this is 
false. 


Example. Let G be the group with presentation 

G := (Y, S' I = (FS)^ = (Y'^Sf = 1). 

This group is actually an extension of the infinite cyclic group by the dihedral 
group D 4 : 

1 —>C —> G —> Di —> 1 

S I—> a 
Y I->■ err 

Here G is the infinite cyclic group generated by and D 4 is the dihedral group 
with presentation 

D 4 = (cr, T I cr^ = (err)^ = = 1). 


2.11 Proposition. The set 

{(1,1)}u{(f4*+2s,S) |i>0} 

constitutes a basis for ArF’^(G). 


Proof. The elements of order 2 in G are Y'^'‘S, (FS)^ and F^*S(FS)^. Note 
that (FS)^ is central in G. So we may use lemma ITHl to see that ArF’^(G) is 
generated by elements of the form (F^®S, F^-^S). The identities 


(F2*S, F^^S) 




— 2 k-\/- 2 i 


Y‘2i^Y^2k 2fc^2j^^2/c^ 
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{Y^^S, Y^S) 


[Y^^S, S) 
(Y'^^S, S) 


(y2i-4fc^^ y2i-4fc^)^ 

{Y^^S, Y‘^S{YS)‘^) 
{Y^^S,YSY-^) 
(Y^^-ISY,S) 
(Y^i-2S{SYf,S) 
{Y^^-^S, S'), 
{Y'^^SSY^^S, S) 

(y2*s,s), 

(sr2*ss, s) 

(Y-'^^S, S) 


show that {(1,1)} U {(F^*+^S, S) | i > 0} is a set of generators for Arf®’^(G'). 
We use the Arf invariant Arf^’^(C?) ^ K{G) to prove that these elements are 
independent. It is easy to verify that 


c^(G) = {[i]}u{[r2*+i] |i>0} 


by writing down all generating relations in Cl{G). 

The Arf invariant maps (1,1) to [1] and S) to [y4j+2j _ |■y 2 ^+lJ^ This 

proves the assertion. • 


Example. Let G be the group with presentation 

G := {X, F, S I S^ = {XS f = (FS)^ = (F^S)^ = 1, ATF = FAT). 

This group is actually an extension of the free abelian group A of rank 2 by the 
dihedral group D^: 


1 —> A —> G ^ Di —>1 
where 7r(S) := a, 7r(X) := 1, 7r(F) := err and A is generated by X and F^. 
2.12 Proposition. Arf^’^(G) is generated by 

{(1,1)} u {(a: 2 *+if 2 ^s,s) I i > 0} 

U {(AT^W^^'+^S.S) |j >0} 

U {(AT^^+iF^^'+^S, XS) I j > 0} . 

Proof. The elements of order 2 in G are X^Y'^^S, (FS)^ and X'^Y'^^S{YSY. 
Note that (FS)^ is central in G again. So ArF’^(G) is generated by elements of 
the form {X^Y"^^S, X^Y"^^S). We may assume that k,l G (0,1} by the identity 

S 2my'2j—4n ^ j^k — 2myr2l—4n 
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We may even assume that ^ = 0 by the relation 

{X^Y^iS,X'^Y‘^S) = {X^Y^^S,X'^Y^S{YS)^) 

= {x^y'^^s,x'^ysy-^) 

= {X^Y^^-^SY,X'^S) 

= {X^Y^^-\SYf,X’=S) 

= {X^Y^^-^S,X'^S). 

When k = 0 we may assume that i or j is odd: 

{X^^Y*^S,S) = {X^Y‘^^SSX^Y^^S,S) 

= {X^Y‘^^S,S) 

In this situation we may assume that one odd exponent is positive: 

{X^Y‘^^S,S) = {SX^Y‘^^SS,S) 

= {X-^Y-‘^^S,S) 

When k = 1 we may assume that i and j are odd: 

{X^^Y^^S,XS) = {Y^^S,X-^^+^S) 

= S, S) 

(^X^i+^Y^iS,XS) = {X^+^Y^^SXSX^+^Y^^S,XS) 

= iX^+^Y^3S,XS) 

And finally, we may assume that j is positive: 

{X^Y^^S,XS) = {XSX^Y‘^^SXS,XS) 

= {X-^+^Y-^^S,XS) 

This proves the proposition. • 

Example. Let G be the group with presentation 

G := {X, Y,Z \ X"^ =Y'^ = = {XYf = {YZf = {XZf = 1). 

This group is known as the affine Weyl group A 2 . 

Define U := XYZY, V := YXZX and IT := ZXYX. Then UVW = 1 and U, 
V and IT commute. The subgroup H oi G generated by U, V and IT is normal 
since, 

XUX = [/-i XVX = IT-i 
YUY = W-^ YVY = V-^ 

ZUZ = V-^ ZITZ = IT-h 

Further G/R = S 3 = (x,y j = (xy)^ = 1). These groups fit into the 

short exact sequence 

1 ^ ^ G ^ ^3 1, 

which splits by a(x) := X and a(y) := Y. Thus G is actually a semidirect 
product of S 3 and H. 
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2.13 Proposition. The elements 

(1,1), {X,Y), {Y,Z), (X,Z) and (XU\X) i > 0 odd 

form a basis for Arf®’^(G). 

Proof. We merely sketch the proof. 

The elements of order two in G are Xllf YV'^ and XYXW^. So in Arf'*’^(G) 
one has the following types of elements. 

1. (XUfXW) 

2. {XU\YV^) 

3. {XUfXYXW^) 

4. (YVfYV^) 

5. (YVfXYXW^) 

6 . {XYXW\XYXW^) 

We prove that all of these elements are actually of the desired type by using the 
relations 

XW = V^XV-^ = W^XW-\ 
yw = WYU-^ = W^YW-\ 

XYXYV^XYX = XU-\ 

1. Conjugation by W~^ yields {XU’',XU^) = {XU^~G X). 

And further 

{XU\X) = (XWXXUfX) = {XU'^fX), 

{XU\X) = {XXWX,X) = {XU-\X). 

2. Conjugation by U~^ yields {XU’‘,YV^) = (XU^'^'^GY). But because 

{XU\Y) = {U-^WXWW-^U,U-^WYW-^U) = {XW+^,Y), 
only the elements 
{X,Y), 

{XU, Y) = {YZY, Y) = {Y, Z) and 

{XU-\Y) = {XYZYX,Y) = {Z,YXYXY) = {X,Z) remain. 

3. Conjugation by AT yields {XUfXYXW^) = {XU-\YV-^). 

4. Conjugation by XYX yields {YVfYV^) = {XU-\XU-^). 

5. Conjugation by Y yields {YV^,XYXW^) = {YV~'‘, XU~^). 
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6 . Conjugation by X yields {XYXW\XYXW^) = (YV-\YV-^). 
We give a list of generating relations in C£{G). 


~ u 



xwv^ ~ 

xv^ ~ - 

. U^V-^ 


YW ~ ~ 

C/Y"* 

XYXWV^ ~ YW-^V^ ~ 

lji-3V3-^ 

YXUWi ^ 

XYWV^ , 

- XYW-^V^ 

- XYW+^V^-^ 

~ XYW+^V^+'^ 


The Arf invariant maps 


(1,1) 

to 

[1] 

(Yn 

to 

YY 

(YY 

to 

[XZ] = [XYU] 

(YY 

to 

[YZ] = [XYU-^] 

{XU\X) 

to 

[[/*] i is positive and odd. 


From the list of relations we see that these images are independent, which proves 
the proposition • 

We will review some of these examples in chapter IV. 
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Chapter II 

New Invariants for Z-groups. 


1 Extension of the anti-structure to the ring of 
formal power series. 

To construct new invariants we start by extending a given anti-structure on a 
ring R to the ring of formal power series in a highly non-trivial manner. 

The fact that the projection ^ R induces an isomorphism of the associ¬ 

ated L-groups, enables us to build new invariants. 

1.1 Definition. Suppose we are given a ring with antistructure {R,a,u). 

For every nGlNU{oo}we define 

^ _ f i?[T]/(r”+^), the truncated polynomial ring, if n e IN 

” I -R[[^]]) the ring of formal power series, if n = oo. 

In ■= TRn, the two-sided ideal of generated by the class of T, 

Un ■■= u{l + T). 


Note that the class of T in is also denoted by T. Now we extend the anti¬ 
structure on R to an anti-structure on by the formula 

a akT'^) ■■= (r^) ■ 

1.2 Lemma. For every n G N U {oo} 

1 . (i?„, a, Un) is a ring with antistructure. 

2 . X„ is an involution invariant two-sided ideal of Rn, i.e. aiXn) ='In- 

3. Rn is complete in the X„-adic topology. 

4. The projection Rn ^ R splits and a respects this splitting. 


Proof. The proof is trivial and therefore omitted. 
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2 Construction of the invariants uji and u) 2 - 


2.1. In algebraic iH-theory on has functors 

Ki'. category of ideals ^ category of abelian groups 


for every i G IN. The category of ideals is the category with 
objects: pairs {R, I) consisting of a ring R and a two-sided ideal I of R 
morphisms: /: (i?, I) —>■ (5, J) are the ringhomomorphisms f:R—^S satisfying 
/(/) c J. 

The groups Ki{R) := Ki{R, R) are the ones we already came across in the first 
chapter. For every pair (i?, I) there exists a long exact sequence 

-. K,+i{R/I) ^ K,{R, I) ^ K,{R) ^ K,{RII) 

2 . 2 . Let {R,a,u) be a ring with anti-structure and {Rn,cx,Un) the associated 
extension. Since the projection > R splits, we have 

Ki{Rn) = Ki{R) 0 Ki{Rn,In) 

by the functoriality of the Ki. The involutions ta on Ki{Rn) and K 2 {Rn) 
induced by a respect this splitting. Consequently, the Tate cohomology groups 
split accordingly: 

H^’\K,{Rn)) = H°’\K,{R)) 0 H°’\K,{Rn,In)). 


2.3 Theorem. The following periodic sequence is exact. 


H\K^{Rn,In))^Ll{Rnr,Un) 

T 

u) 

T_ 

Ll i^Rnt ; ^n) 

T 

H°{Ki{Rn,In))^ mRr,-u) 


Lg(i?,-U) ^H°{Ki{Rn,In)) 

I\ i^Rnt ; an) 

i 

i 

- H^{Ki{Rn,In)) 


Here f is induced by the homomorphism r of definition \1.27\ and ujf is induced 
by the discriminant homomorphism. 


Proof. From theorem ion of chapter I we obtain the following commutative 
diagram with exact rows (e = 0,1) 





- - 

. H%KiR) 

i 

11 

i 

i 

11 

R\-AR) 



- R\{R) - 

H^KiR) 


Theorem [Ql of chapter I implies that L^{Rn) L^[R) is an isomorphism. 
Consequently if is isomorphic to Ll{R) by applying the five lemma 

to the diagram above. When we insert this in the sequence of theorem ll.llll of 
chapter I applied to the ring with — 0 and we obtain 

the desired periodic exact sequence. • 
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2.4 Definition. Define 


as the composition of homomorphisms 

L^iR, a, u) ^ a, u„) ^ <„), 

where <5 is induced by the discriminant homomorphism 5. Notice that uf factors 
through uji. 

Define d as the composition of homomorphisms 

H\KiiRr,,In)) ^ L^oiRnr^Un) ^ ^^2 (i?„, X„)), 

where G denotes the homomorphism of definition [T3ni of the first chapter. 

2.5 Lemma. The map d can explicitly be given by 

d{[X]) = [7“4a,„7], for all X G GL{R), 
where 7 G St(i?) is a lift of {ta,uX)X G E{R). 

Proof. Immediate by the definitions of G and r. • 

2.6 Theorem. The homomorphism G induces a homomorphism 

i 02 '-E.er{iol) Coker(d). 

Proof. This is clear now in view of the exact sequence of theorem 10 and 
definition El • 
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3 Recognition of 

We now proceed to analyse • It will turn out that is strongly related to 
the Arf invariant of the first chapter. 

3.1 Proposition. Let {R,a,u) be a ring with anti-structure. For all {a,b) G 
Arf^(i?, a, u) 

co1{{a,b))= 1 + GH°{K,{RM) 

Proof. We may take 

(o 5 ) “ (0 0 ) a,Un) 

as a lift of (a, b) G Arf^(i?, a, u) C Lq{R, a, u). 

= [(2 + 4))““ + "'’ 

-[(s;)-(? o)“<-i 

/ a{a)uT 1 W 0 1 

Vu(l + T) a{b)uT) \u{l + T) Oj 

= Y ^ 

\a{b)uT 1 J 

= Y‘ 1 1 “h 

AO 1 J \a{b)uT 1 J \-a{b)uT l) 

a{a)a{b)uT^ 

1 + T 

aia)bT^ 

1 H-- 

l + T 



For the time being we will assume that R is commutative and write instead 
of a. 

3.2 Lemma. 

q-H^{R-)^H\R-) 

defined by 


is a homomorphism. 
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Proof, q is well-defined: 

• =x^ for all cc G i?, satisfying x = x. 

■ {x + xY = x^ + XX -\-xx + x‘^ = {x^ xx) + (x^ -I- xx), for all x G i?. 
g is a homomorphism, since for all x,y G R satisfying x = x, y = y 


9([a; + y]) = [{x + yf] 

= [x^ + xy + yx + 

= [x^ -I- xy -I- ^ -I- y^] 

= [x^ + y^] 

= <ii[x])+ qi[y])- 




3.3 Definition. Define C{R) := Coker(l -|- q). 

3.4 Proposition. If n is even ( 9 ^ 0) or n = 00 , then 

X: H^iKiiR„,I„);t^) ^ C{R) 


defined below is an isomorphism. 

Proof. We denote by l+Rn the multiplicative group of units in i?„, which are 
congruent to 1 modulo X„. According to 0] theorem 3.2] the homomorphism 
(1 +2n) —^ Ki{Rn,din) determined by the composition 

(1 -fin) C (Rn)* = GUiRn) ^ ifl(i?„,In) 

is an isomorphism. Since this isomorphism respects the involutions we may and 

will identify H°{Ki{Rn,Rn)',t) and H°{1 -f 

Define Z := {/ G 1 -f I„ | / = /} and B ■■= {gg \ g € 1 -f !„}. 

If 

/ = 1 -f al -f 51^ (mod T^) 

for certain a,b G R, then 

7 = 1 - oT -f (a -f b)T^ (mod T^) 

and 

// = 1 -f (a — a)T + {a — aa + b + b)T'^ (mod T^). 

So f G Z implies a = b— b. It is easy to verify that the map Z C{R) defined 
by / 1 -^ [66] vanishes on B and induces a homomorphism 

X:H°{l+Ir,-)^CiR). 

Define 

fv:C{R)^H%l+I„-) 
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by 


[ z ]^[1 + 2TV(1 + T)]. 

First note that 1 + zT"^I{1 + T) G Z. We will prove that /i is well-defined. If 
[z] = 0 in C{R), there exist x,y € R with y = y, such that z = x + x + y + y'^. 
Define 

f := I + zTV(1 + T) and g := 1 + yT - {x + y)T^, 

then 

gg=l-{x + x + y + y‘^)T‘^ and fgg = l (mod T^). 

So we may assume / = 1 (mod T^). 

We assert that [h] = 1 for a\\ h £ Z satisfying h = l (mod T^). 

By induction we assume fc > 0 and 

h = l + (mod 


for certain a,b G R. Now 

h=l- + {{2k + l)a -h b)T‘^^+‘^ (mod 


So h G Z implies {2k + l)a = b — b and a = —a. 

Defining 

g--l + {b + fca)r2fc+i -{k+ 1)6T2'=+2, 

yields 


gg = l + {{ka + b)-{ka + b))T^'^+^ + 

{{2k + l){ka + b)-{k + l){b + 5))T2'=+2 
= 1 - (mod 


and 

hgg=l (modT2'=+^). 

By induction we find [h] = 1. 

Thus fj, is well-defined. Finally we prove that g = X~^ 
For all [z] G C{R), 


Xg{[z]) = A(1 + zTV(1 + T)) = [zz] = [z^] = [z]. 


For all f := 1 + aT + bT^ + ■ ■ ■ G Z, 

MMlf])=Mm)=[l + bbTy{l + T)], 


But since 


f-^{l + 66TV(1 + T))(l -h 5T)(1 -t 6r) = 1 (mod T^) 
we may apply the same argument as before to see that /iA([/]) = [/]. • 
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3.5 Theorem. The composition of homomorphisms 

u) C L^iRr,u) ^ ^ C(i?) ^ 

is just the Arf invariant Arf^ {R, u) R/k{R) defined in section 2 of the first 

chapter. Here C(R) —> R/k(R) is induced by inclusion. 


Proof. In view of proposition EH we have 




A 



abT^ 1A 

T+t\) 


[ab]. 


The rest is clear. 




From now on R is not necessarily commutative. Let (i?, ,u) be a ring with 
anti-structure. We wish to prove that the Arf invariant 

Arf''(i?,-u) ^ R/k{R), 

we dealt with in section 2 of chapter I, factors through the invariant 
: Arf (i?, u) ^ ° (Ki (i?2 , ^2)) • 

Here follows an attempt to uncover the connection between 

R/k{R) 


and the Tate cohomology group 

{K,{R2,I 2 )), 


in the non-commutative case. Let us fix the following notations. 

• A is the truncated polynomial ring R 2 . 

■ 1 is the two-sided ideal of A generated by T, 

• A ^ A is the extension of ~ on i? to A determined by 




-T 
1 + T 


-T + T'^, 


i.e. a + bT + cT^ = a - bT + {b + c)T‘^. 

1 +1 denotes the multiplicative group of units in A which are congruent 
to 1 modulo I. 


We write W = W (A, T) for the subgroup of 1 -I- X generated by the set 
{(1-1- aa;)(l -I- xa)~^ | a S A, x S X}. According to theorem 2.1] W is 
the kernel of the surjection 1 -|-X ^ Ki{A,T). We will identify Ki{A,T) 
and {1+I)/W. 
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• For all r,s G R we define [r, s] := rs — sr. And i?ab := R/[R,R] the 
quotient of R as an additive group by the subgroup generated by all [r, s]. 
This is actually the Hochschild homology group Ho{R). 

As we saw in section 2 of chapter II the anti-automorphism ~ of A induces 
an involution t on the relative AT-group Ki{A,T). We want to investigate the 
structure of the Tate cohomology groups H^{Ki{A,X)) = -\-T)/W). We 

proceed to take a close look at the group W. 

3.6 Lemma. Every element of W has the form 

1 + ET + ^[rfc.Sfe] +'^UiVt[ui,Vi] +'^[ui,Vi][uj,Vj] 

\ i / y fe i i<j j 

Proof. Substituting a = ao + aiT and x = xiT + X 2 T‘^ in the expression 
(I -I- ax){l + xa)~^ yields 

(I -I- (ao + aiT)(xiT + X 2 T ^))(1 + (xiT + X 2 T^)(ao + aiT))~^ 

= (1-1- aoXiT + (aoX2 + aiXi)T^)(l + xiagT + (xiUi + X2ao)T^)~^ 

= (1-1- aoXiT + (aoX2 + aiXi)T^)(l — xiagT + ((xiUo)^ — xiUi — X2ao)T^) 
= 1 -I- [ao, xi]T + ([ao, X 2 ] + [ai,xi] -|- [xi,ao]xiao)T'^■ 

When ao = 0 we obtain elements like 

1 -b [r, s]T^ 

and modulo such elements we find expressions of the form 

1 -b [u, v]T -b uv[u, v]T"^. 


Note that 


(1 -b [u, v]T -b uv[u, v]T'^)~^ = 1 -b [u, u]T + vu[v, u]T'^. 

Thus W is generated by 

{1 -b [m, v]T + uv[u, v\T'^, 1 -b [r, s]r^ \ r,s,u,v G R] . 

Writing out a product of such elements yields the desired result. • 

We also need the Hochschild homology group Hi(R). We refer to chapter 
III for the definitions. The Hochschild homology group Hi(R) and the cyclic 
homology group HCi(R) are defined as: 

^ Ke^jb-.R® R^ R) 

^ Im(6: R® R® R ^ R) 

rr(j /m _ Kerjb-.R^ R^ R) _ 

^ ’ Im(6: i? 0 i? 0 i? ^ i?) -b Im(l — x) ’ 
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where 


b{u 0 v) := [u, ri], b{u 0 w 0 w) := uv ^ w — u ^ vw + wu ® v 
and x:R®R^R®R is defined by x{u ® v) :=—v ® u. 

3.7. Define 6-.R®R^ i?ab by 

6(^Ui ® Vi) := '^[Ui,Vi][uj,Vj] + ^ UiVi[ui, Vi], 
i i<j i 

6 is well-defined in the sense that the right-hand side does not depend on the 
order of summation in Ui 0 Uj. Observe that 

9{x + y) = e{x) + e{y) + b{x) ■ b{y). 

for all a;,y € i? O R. So the restriction of 0 to Ker( 6 ) is a homomorphism. 
Furthermore it is easy to verify that 9 vanishes on Im( 6 ) and Im(l — x). Con¬ 
sequently 9 induces a homomorphism 9': HCi{R) —> i?ab- 

In view of the preceding it is clear that the sequence 

HCi{R) ^ i?ab ^ KiiA,I) 

[l + aT + bT^] 

is exact. 

The anti-automorphism R^ R induces an involution on Rah: 

[u,u] = [u,u] 

[f] = [uru~^] = [r] in i?ab- 

Furthermore lm(0') is invariant under this involution. When we equip i?ab on 
the left-hand side with this involution and i?ab on the right-hand side with 
the involution [a] i—> [—a], we obtain the short exact sequence of groups with 
involutions 

0 —> Coker( 6 »') —> Ki{A,J) —> R^y, —> 0 
which gives rise to the six-term exact sequence 

i7O(Coker(0')) H^iKyiA,!)) H^{Rah) 

‘1 1 

H^iRah) ^ H^{Ky{A,I)) ^ iJi(Coker(0'))- 

We compute the differential map 6 : H^{Rah) i7°(Coker(0')). 
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3.8 Lemma. If [o] € i/°(i?ab), i-e. a — a = b{x) for some x & R® R, then 

(I([a]) = [a + aa + 0{x)]. 

Proof. The element 1 + aT is a lift of a in Ki{A,T). And in Ki{A,X) we have 

(l + ar)(l + oT) = {l + aT){l-aT + aT^) 

= 1 + (o — a)T + (a — aa)T^ 

= (1 + (a - a)T + (o - aa)T‘^){l + b{x)T + 6 {x)T‘^) 

= 1 + ((o — a)(o — o) + a — aa + 9{x))T‘^ 

= 1 + ((o — a)(a — o) + a — aa + 0 (a;))T^. 

But this is the image of 

[(a — a)(a — a) + a — aa + d(a:)] = [a + aa + d(a;)] 

= [a + aa + 9(x)] 

in i?0(Coker(6''))- • 

Now we specialize to the case that R is the group ring Z[G] of an arbitrary 
group G. 

3.9 Lemma. 9' = 0 


Proof. Every cycle of HGi{R) can be written as 

'^gi®hi , 
i 

by using the relation g®h + h®g = 0. The condition for this element to be 
a cycle reads ^gihi = ^ higi. Such an cycle can be decomposed as a sum of 
cycles of the form 

[g ® h] with gh = hg 

or of the form 



with gihi 


hi+igi+i for i < n 
higi for i = n ' 


The homomorphism 9' is obviously zero on elements of the first type. As far as 
the second type is concerned we have the following identities in i?ab 


9 f gi ® hj ^ ^ ^ \gi■> ^i\\gj ? ^j] T ^ ^ gihi[gi^ hi\ 

i<j i 

= ^ gihigjhj + ^ higihjgj + ^ gihigihi + 

i<j i<j i 
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^ ^ hjgigjhj ^ ^ ffz^jffj ^ 
i<j i<j i 

= ^ Oihigjhj + ^ gihigjhj + ^ gihigihi + 

i<j i<j i 

— ^ gjhjhigi — ^ gihihjgj — ^ gihihigi 
i<j i<j i 

= X! - X! 9j hj hig^ 

= 0 


This proves the lemma. • 

The next move is to figure out what 5: H^{Rah) —*■ H'^{Rah) looks like in this 
case. Suppose we are given an element [a] G i/°(i?ab)- Then we may assume 
that a = '^ gi hy using the fact that [g + g~^\ = 0 in H^{Rsh). The condition 
for a to be a cycle reads 


where hj G G and h'j is a conjugate of hj. From this we conclude that every gi 
is conjugated to some Note that [g-\-h~^g~^h] = [g + g~'^] = 0 in 7J°(i?ab)- 
Thus it suffices to consider the case that a = g where g = h~^g~^h. We follow 
lemma rUH Now g~^ — g = [h~^,gh], so 


= [g + gg~^ + 0{[h-^ gh])] 

= [g + ^ + h~^gHg~^ - g)] 
= [g + 1 + g-\g-^ - g)] 

= [g + g-^] 

= [g + g\ 


As a consequence we have 


Coker ((5) = 


{a G Z[G]ab I a — a} 
Span{g - h-^gh, gi + 5^^ 52 + I 52 


52 ^}' 


Our main conclusion is that in the case of a group ring the invariant 
w^: Arf(i?,rt) —> H°{Ki{A,I)) 


factors through an injective homomorphism 


Coker(<5:iJ°(i?ab) ^ i?“(i?ab)) ^ H°{K,iA,I)) 


and that there is a homomorphism 


Coker(^) —> R/k{R). 
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4 Computations on the invariant UJ 2 - 

In order to study the invariant W 2 , we wish to compute the cokernel of the 
homomorphism 


We confine our inquiries to the case where R is commutative, for then we have 
the following theorem at our disposal. 

4.1 Theorem. Let R he a eommutative ring with identity and I an ideal con¬ 
tained in the Jacobson radical of R. Then K 2 {R,I) is isomorphic to the abelian 
group with presentation: 

generators: <a, b> with a G I or b G I 

relations: <a, b> = —<b, a> if a G I or b G I 

<a, b> + <o, c> = <a, 6 + c — abc> if a G I or b,c G I 

<a, bc> = <ab, c> + <ac, b> ifaGi or bGl or cGl. 

The isomorphism maps <a, b> to the Dennis-Stein element <a, b>o G K 2 {R, I). 

Proof. See [IHIII 3 . • 

A little digression seems in order. We refer to d §9] and 0 for more back¬ 
ground. 

Let n > 2. 

For any unit r G R one has the elements Wij(r) := Xij{r)xji{—r~^)xij(r) and 
hijir) ■= St„(i?), where i and j are distinct integers between 

1 and n. 

Further, for every couple of units r, s G R, 

hij{,rs)h-^\r)h-j^{s) G St„(i?) 

determines an element {r, s} in K 2 {R), which does not depend on i or j. 

And for all a,b G R such that 1 — a6 is a unit of R, 

Xjt{-b{l - ab)~^)xij{-a)xji{b)xij{a{l - ab)~^)h~j^{l - ab) G St„(i?) 

determines the Dennis-Stein element <a,b>o G K 2 {R) which does not depend 
on i or j either. Note the sign conventions. 

In K 2 {R) the following relations hold, whenever the left-hand side is defined. 


{rir2,s) 
{r,s} 
{r,-r} 
{r, 1 - r} 
<a, h>o 
<a, b>o<a, c>o 


{7’i,s}{r2,s} 

1 

1 

< 6 , a>o~^ 

<a, 6 + c — abc> 
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<a,bc>o = <ab,c>o<ac,b>o 

<0, a>o = 1 

{r,s} = <(1 - r)s“\s>o. 

Note that we used an additive notation in dealing with the symbols < , > and 
a multiplicative notation for the corresponding Dennis-Stein elements < , >o- 
Nevertheless we will often omit the o . 

4.2 Proposition. Let R he a commutative ring and R ^ R an involution. 
The involution t on K 2 {R) induced by ~ satisfies 

t{<a,b>o) = <6, a>o. 

Proof. We will work in St 2 „(i?). We drop the decorations of the anti¬ 
involution on the Steinberg group and simply write t. From definition ll.l4l and 
[Tm of the first chapter we deduce 


— ^n+j n-t-i (^)5 


provided that i and j do not exceed n. 

Thus t{wi 2 {r)) = Wn+ 2 n+i{f) and 

^(^12 (^)) = '^n-|-2n+l(^)'^rt+2r!,-|-l(~l) 

= Wn+2n+l{-r)Wn+2n+l{^) (1) 

— n+2 )'^n-t-l n+2 ( 1) (2) 

— b'n+ln+2i'^ ) 


In (1) we used the relation Wij{r) = uJ^^^[—r) and (2) follows from the relation 
See ^1 lemma 9.5]. Hence 


t(<a, b>o) 


h„+i„+2((l - afe) ^)x„+2„+i(a(l - a5) ^)a;„+i„+2(6)- 

a:„+2„+i(-a)a;„+i„+2(-S(l - ah)~^) 

hn+l n+2 ((1 ab^ ) < 6, ohn^^-l n-t-2 (1 uf>) 

<—b, —a>o{(l — ab)~^, 1 — ab} 

<b,a>o<—ab, — ab)~^,—l} 

<b, a>o 


which proves the assertion. 




To make life more congenial, we will assume R to carry some additional struc¬ 
ture. In that way H^{K2{Rm1n)) becomes fairly accessible for computations 
by the techniques of jH]. The following definition occurs implicitly in m and 
m It describes a notion of what one could call ‘partial A-ring’. 

4.3 Definition. Let i? be a commutative ring with identity and A: S IN U {oo}. 
A A:A-ring structure on R consists of operations 9^: R R, for every prime 
number p < k, which satisfy the following conditions 
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1) 

6»P(I) = 0 

for 

all 

p < k 

2) 

pp(a + 6) = 0P(a) + 0P(6) + 

for 

all 

p < k 

3) 

9P(ab) = 9P(a)bP + 9P(b)aP - p9P(a)9P(b) 

for 

all 

p < k 

4) 

9P(iP'J(a)) = -tp‘>i9P{a)) 

for 

all 

p,q<k 


here is defined by '4’'^{a) := a'^ — q9‘^{a). 

We then call R an fcA-ring. 

4.4 Remark. It is easy to verify that multiplication by p transforms the equa¬ 
tions 1 to 4 into 


1’) 

ni) = 1 

for all 

P 

< k 

2’) 

'il)P{a + b) = ipP{a) -|- 'ipP{b) 

for all 

P 

< k 

3’) 

ipPiab) = 'ipP{a)'il)P{b) 

for all 

P 

< k 

4’) 

4’P{'>p'^ia)) = ijj'^ (ipP (a)) 

for all 

P: 

,q<k 


Thus the so called Adams operations are ringhomomorphisms, which 
satisfy the compatibility conditions 4’. 

Conversely, if i? is a torsion-free commutative ring equipped with ijjp satisfying 
1’ to 4’ such that ipp{a) = (mod pR) for allp < k, then R becomes a A:A-ring 
in the obvious way and the tpp are the associated Adams operations. 

As far as the references to m and m are concerned, a few remarks are in 
order. 


• We point out the differences in sign conventions between the definition in 
m and the one above. 

• Condition 4 in our list is equivalent to what is called the permutability of 
9p and 9q in jT^ . 

The terminology is explained by the following theorem. 

4.5 Theorem. [ISl theorem 3]. The notions X-ring and ooX-ring coincide. 

4.6 Lemma. Any structure of fcA-ring on a ring R admits a unique extension to 
the rings R[T] and for all n S N U {oo}, under the condition that 9p{T) = 0 
for all p < k. 

Proof. There exists a unique fcA-ring structure on the ring of integers Z 
defined by := 1. 

Since the polynomial ring Z[T] has no torsion and the condition 9p(T) = 0 
implies ipp{T) = TP, the formula ipp{^aiT'') = determines a unique 

structure of /cA-ring on Z[T]. 

We now call upon na theorem 3], which reads as follows. If i?i and i ?2 are 
fcA-rings, then Ri 0 i ?2 can be provided with a unique structure of fcA-ring, 
such that the canonical maps i?i ^ i?i 0 i ?2 and i ?2 ^ Ri <8 R 2 preserve every 
9p. Applying this theorem in our situation, proves the assertion for the ring 
R[T] ^R(g)Z[T]. 

From condition 2 in definition 14.31 we deduce that f = g (mod T*i?[T]) implies 
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9p{f) = Op{g) (mod T’‘R[T]). Consequently the fcA-ring structure on R[T] 
extends uniquely to the rings i?„ for all n S IN U {oo}. • 


4.7 Definition. Let S: R ^ be the universal derivation on R and define 

^Rr,,in ■= Ker(n/j^ ^ rifl). 

Define recursively 


Define 


Define 


D(i?,n + 1) 


n{R, n) © -—— 

Span{((n + l)a, 6a) \ a G Rj 


fl(R, n) 


fl(R, n) © 7 — , X n if n is odd 
' ' (n + 1)R 

D(i?, n) if n is even. 


K2{Rn,'In) '■ = 


K2{Rm^n) 

_ K2{Rn,1n) _ 

Span{<aT",T> | a G Rj 


if n is odd 
if n is even. 


4.8 Lemma. As i?-modules 

^Rn.Xn 

sin 


n{R, n) 


R 

(n + l)i? 


Proof. Write J for the ideal of R[T] generated by r"+i. We have 


n 


R„ 


J^R[T] + 


and as i?-modules 


= {R Clz ® {R[T] ^r): 

So 

R 

= (i?©©• ■ ■ ©(i?©© , , 

n copies 

Dividing out Sin yields the desired result. • 


We are now in the position to apply the machinery of [S] to our situation. As a 
matter of fact, the construction in loc. cit. yields a homomorphism 


■ AI2 {Rm In ) 


Sin 


even when R possesses a (n + l)A-ring structure. In view of lemma El^ we obtain 
a homomorphism 


Vn-K 2 {Rn,ln) ^ D(i?, n) 


R 

(n + l)i? 
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Furthermore we obtain a homomorphism 

K2{Rn,In) ^ ^{R,n) 

whenever i? is a nA-ring (n > 1). 

4.9 Theorem. and are isomorphisms. 


Proof. We refer to loc. cit. for the definitions of the Vn- We proceed by 
applying induction on n. 

n = 1: i? is a 2A-ring and K 2 {Ri,Ti) ^ i® determined by 

vi<aT,b> = {a5b, [a^0^(5)]), vi<cT,T> = (0, [c]). 

It is straightforward to check that © ^ —*■ ^ 2 (-Ri,©i) is well defined 

by 

v^^{a6b, [c]) = <aT, h> + <a‘^0‘^{b)T,T> + <cT,T> 
n > 1: Consider the diagram 


R®JIr 
{ na, Sa) 


R 

nR 


K2{Rnai) 

V 

K2{Rn,Iu) ^ n{R,n-l)®j^^ 


K2{Rn-l,In-l) 


VL{R,n-l) 


Here y and r are the obvious maps and Ker(y) = Im(r). In the top row n is the 
obvious direct summand of Vn and i([a, b5c\) = <aT”“^, T> + <bT"‘, c>. In the 
bottom row n is the obvious direct summand of Vn-i and r([a]) = <aT^~^, T>. 
The maps denoted by tt are the cononical projections. We compute 


Vn<aT"‘,b> = [0, a(56] G 
Vn<aT^-\T> = [a,0] G 
i/„<ar”,T> = [a] G 


{na, Sa) 
i?© 


{na, Sa) 
R 


{n+l)R 


Therefore the map l in the top row is split by the remaining summand of Vn, 
and since TTVn = Vn-iX this implies that the map l in the bottom row is split 
by the remaining summand of Vn-i- The bottom row is exact by the induction 
hypothesis. 

Suppose that x G K 2 {Rn,dSn) and 


k{x) 


0 G n{R,n-l) 


R 


{n + l)R 
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Then there exists aye (na.ja) ^i.'^i.v)) = x(^)- The exactness of 

the column guarantees the existence of an element z € K2{Rn,^n) satisfying 
X — L(y) = t{z). Thus there exists an r G i? such that x + <rT^,T> G Im(i). 
But [r] = 0 G because of (*). So a: G Im((,). This proves that is an 

isomorphism. 

If n is odd and n > 1, then the notions nA-ring and (n + l)A-ring coincide 
and the preceding proves that is an isomorphism. For n even consider the 
following diagram. 



0 ^ ^ ^ K2{Rn-i,In-i) ^ n{R,n-l) ^ 0 

and proceed as before. • 

Corollary. If R possesses a structure of nA-ring, then H^{K2{Rn,Rn)',t) is 
isomorphic to {n{R,n);u^ti^~^) 

Proof. Note that t<aT^,T> = <aT^,T> in K 2 {Rn,'In) and <aT'^,T> is 
an odd torsion element of K2{Rn,^n) if n is even. But odd torsion elements 
vanish in H^{K 2 {Rn,Rn)), so H^(K 2 {Rn,Rn)) = H^{K 2 {Rn,Rn))- In view of 
the preceding theorem this yields the desired result. • 

This enables us to compute these cohomology groups in the cases where 
is manageable. The next theorem for instance, shows what these groups look 
like for n = 1 and n = 2. For all abelian groups A and numbers k we write kA 
to denote {a £ A \ ka = 0}. 

4.10 Theorem. Let R be a 2\-ring and~: R ^ R the identity. Then 

H\K2iRi,Ii)) ^ 

H\K2{R2,l2)) = 

where (j)^: TIr —>■ LIr is given by 4>^{aSb) = 'ijj^{a)(bdb — 69^(b)). 

Proof. Again we refer to |H1 , for more details on the operations (j)^. According 
to proposition Ol 


© 2{^r) 


R 

m 

{a G 2 {^r) I (1 + 4>^)a G ^( 2 ^?)} 
^ R ^ LIr 

® 2 nR + SR + Im(l 02) 


t{<aT,b>) = <b,—aT> = <aT,b> 


and 

t{<aT,T>) = <—T,aT> = <aT,T> 
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in K 2 {Ri,Ti). So in view of the corollary to theorem 14. hi we have 

The isomorphism 

^ ^ R®^r 

V2'. K2{R2,R2) -7-^ 

( 2 a, oo) 

is given by 

V 2 {<aT,b>) = {a6h,[a^9^{h),{a^ — 9^{a))59^{b) + 9‘^{a)b5b + 9‘^{b)a6a\), 

V 2 {<aT,T>) = ( 0 , [a, 0 ]), 

v2{<aT^,b>) = ( 0 , [ 0 , 0 ( 56 ]). 

Using proposition lO we compute 

R2tv2~^{a, [6,7]) = {a, [-6,-(1 + 4 P‘){a) - 7]). 


Hence 


Ker(l + V 2 tv 2 = {{a, [b, 7]) | 2a = 0 and [0, (1 + <^^)(a)] = [0,0]}, 

Im(l - V 2 tv 2 ~^) = {( 0 , [26, 27 + (1 + (^^)(a)])} 

and the quotient of these groups equals the right-hand-side of the second iso¬ 
morphism. • 

As far as stability is concerned we have: 

4.11 Proposition. Let n ^ 0 be even. If R is a {n + 2)X-ring and ~ = 1, then 

H\Kei{K2{Rn+2,Iu+2) ^ K2{Rn,Iu))) = ® 4 ' 

„+ 2 Ker( 6 ) 2R 

^K2{R n+2-i'In+2 ) ^ K2{Rn,In) ^ 0 , 


Proof. Consider the exact sequence 

R®ilR R®nR 

((n+l)a, 6 a) ((n + 2 )a, 6 a) 

where T is defined by 

T([a, 66 c], [x, ySz]) = <aT^, T> + < 6 T"+\ c> + <xT^+^ ,T> -b <yT^+‘^, z>. 

A splitting (7 of r is given by the appropriate direct summand of Vn+ 2 - The 
involution t on both Ar 2 -groups induces the involution ain on 

R®LIr R®LtR 

((n + l)a, 6 a) ® ((n + 2 )a, 6 a) 

A little computation shows that 

atT{[a, a], [ 6 , /3]) = ([a, a], [— 6 , 6 a — (n + l)a — /?]). 
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Now ([a, Of], [b, P]) e Ker(l + atT), if and only if ([2a, 2a], [0, da — {n+ l)a]) = 0. 
Thus putting n = 2m, there exist r,s G R satisfying the relations: 


(2m + 2)s 
6s 


2a 

2a 


(2m + l)r, 

Sr, 

0 and 

6a — (2m + l)a. 


Hence [a, a] = [a, i5a ——mi5r] = [a+(2m + l)mr,6{a — s)] = [0, —(5s] = [—s,0] 
and 2(5s = (2m + 2)s = 0. 

Conversely, if [a, a] = [s, 0] for some s G R satisfying 2(5s = (2m + 2)s = 0, then 
([a, a], [6, P]) G Ker(l + atT). 

The observation that Im(l — atT) = {([0,0], [2b, P'])} completes the proof. • 

The final contribution to the comprehension of the value group of W 2 comes 
from the following proposition. 

4.12 Proposition. Compare 0 theorem 4.1.]. Let {R,~,u) be a commutative 
ring with antistructure. If n is even, 


d-.H\Ki{R^,Xn)) ^ H\K2{Rn,Tn)) 


assigns to the class [a;] of the element x G 1+X„ the class [{a;, —u}]. Recall that 
we identified H^{Ki{Rn,Xn)) o-nd +I„). 

Proof. We will work in GL 2 fe(i?„) and St 2 fc(i?n)- 

Suppose X G 1 + and x = x~^. Let X be the image of x under the map 


and hik+i{x) is a lift of this element in St 2 fe(.Rn)- According to lemma 1231 



rf(N) =d{[X]) = [hj i_^i(x)t-„„(hifc+i(a:))]. 


But from the definition of we compute 


t-,Un{hlk+l{x)) = t-^,,^{wik+i{x)wik+i{-l)) 


= Wifc+i(-u„^)u;ife+i(M„^a;) 

= Wl fc+l(-u“^)wi fe+l(-l)wi fc+l(l)wi fe+1 (uT^x~^) 
= ^lfc+l(~'a„ )^1 fe_|_i (“"^n X ). 


Thus 

= [^1 fc+l (^)^l fe+l (~'^n )^1 fc+1 X )] 


= [{x,Un)] 

= [{a;,-M}{a:,-(l + T)}]. 
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It remains to show that {x, —(1 + T)} vanishes in H^{K 2 {Rn,^n))- First note 
that {x, —u} is a cycle: 


—u}) = t{<—u ^{l — x),—u>) 

= <—u~^,—u{l — x~^)> 

= {-u-\x-^} 

= {x,-u}~^. 

Now choose y G Rn such that 1 — x~^ = yT. So 1 — a; = —yT{l + T)~^. We 
compute 


{l-t){<T,y>) 


<T,y><-T{l + T)-\y> 

<T, yxT, -(1 + T)-^y><-{l + T)-\yT> 

<T, y-il + T)-iy + yyTil + T)-^> ■ 

<-{l + T)-\{l + T){x-l)> 

<T, y-il + T)-^v + yyT{l + r)-i>{x, -(1 + T)}. 


But since 


(y - (1 + T)-^y + yyTil + T)-^)T = I - x-^ + I - x + {1 - x-^)ix - 1) = 0, 
we have 


?/— (1 + T) ^y + yTfr(l + T) ^ = zT^ for some z G R. 

For {x, —It} is a cycle, so is <T, zT^>. What’s more <T, zT^> is an odd torsion 
element in K 2 iRn,Rn), because 0 = <r”+^,z> = (n + 1)<T, zT^> and n is 
even. This finishes the proof. • 

Corollary. If u = — 1 in the situation of proposition KTR d is the zero map. 


4.13. The composition of homomorphisms 


ArP(i?, 1,-1) ^> Lg(i?, 1,-1) ^ CiR) 


R 

Spanjcc + \ x G R} 


maps (a,5) to [ab]. This surjection splits by the homomorphism [r] i—> (r, 1). 
Writing Arf(i?) for the kernel, we obtain a splitting 


Arf'’(i?,l,-l)^Arf(i?)© 


R 

Span{x + \ X G i?} 


Arf(i?) is generated by ((a, h)) := (a, b) + (ab, 1), where a,b G R. The following 
relations hold in Arf(i?): 

{{a, bi + 62 )) = ((a, 61 )) + ((a, 62 )) 

{{a,b)) = {{b,a)) 
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for a G 2R 
for every x G R 


{{a,b)) = 0 
{{ax'^,b)) = {{a,hx‘^)) 

{{a,b)) = {{a,ab'^)) 

((a,l)) = 0 

The secondary Arf invariant is by definition the the restriction of UJ 2 to the 
Arf-part of Ker(a;f): 

Arf(i?) «—> Ker(a;i") ^ Coker(d) = H^{K 2 (R 2 ,l 2 ))- 


The next theorem tells us what this invariant looks like for n = 2. 
4.14 Theorem. W 2 (((a, 6))) = [<aT^,5>] G H^{K 2 {R 2 ,^ 2 ))- 
Proof. Let {{a,b)) = {a,b) + {ab, 1) be represented by 



/a 

0 

1 

M 




0 

1 



0 

ab 

0 

1 1 



0 

0 

0 

1 1 


0 

0 

6 

0 



0 

0 

0 

0 


\0 

0 

0 

-i/J 




0 

0 

0/J 


A lift of this element in Lg(i? 2 , a, — (1 + T)) is given by 


" 

/a 

0 

1 

® M 




0 

1 



0 

ab 

0 

1 1 



0 

0 

0 

1 1 


0 

0 

6 

0 



0 

0 

0 

0 


\0 

0 

0 

-i/J 



\o 

0 

0 

0/J 


To apply the map G of dehnition El we choose 
7 := X2i{T^ - T)xi3ib{T - T^))hi2{l + abT^)x3i{-aT)xi2{-abT) G St4(i?2) 


as a lift of 


/ /a 0 1 

0 a6 0 
0 0 6 


\0 0 


^ a 0 0 

0 a6 0 
1 0 6 



0 -1 



/O 0 0 

0 0 0 


1 0 

\0 1 


T2 _T 
0 
1 


G Ei{R2). 


Using the definition of t and the calculations in the proof of proposition 14 . 21 we 
find 


= X2i{T - T2)xi3(6(r2 - T))h34(l - abT^)x3i{aT)x^2{abT). 
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A little computation shows that 


G{1) = [7 \tj)] 

= [<abT,T-T^><aT,b{T^-T)> 

hi 2 il + abT^)h34il - a6T2)/i42(l - abT^)h3iil + abT^)] 

= [<aT^,b>]€H\K2iR2,l2)). 

But since u} 2 i{{a, b))) = G{1) this finishes the proof. • 

Taking the (primary) Arf invariant into account we have the following result. 
4.15 Theorem. Let R be a 2X-ring. The invariant 

Arf®!/? 1 —If ^ ^ _ 

’ {x + x"^} 2^11 + SR + {x6y + x'^yby \ x,y € R} 

maps {a,b) to {[ab], [a(5&]). 

Proof. We compute <p‘^{aSb) modulo 21/^^ + SR: 

(j)‘^{aSb) = 'ilj‘^{a){bSb-Se‘^{b)) 

= — 29'^{a)){bSb — S6'^{b)) 

= a%Sb-a^Se'^(b) 

= a^bSb. 
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are well-defined homomorphisms. From this point of view 

-— ^ = Coker(l -|- 9) 

{x -I- 

il 

2Vtii + 5R+ {x5y -\- x'^ydy \ x,y € R} + 9 ). 

We are a bit sloppy here in denoting the projection ^ Coker q' by 1. 

These observations are the motivation for investigating (operations on) cyclic 
homology groups. In the next chapter we will construct the homomorphism 

ArCiT? 1 — 1 i ^ _ — _ffi__ 

’ {x + x^ \x€ R} 2nR + SR+{{r + r^Ss)6s\r,s€ R} 

without the assumption that R carries some extra structure. 

It turns out that the right generalization in the non-commutative case in¬ 
volves the notion of quaternionic homology groups. We will enter into details 
in the next chapter. 
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5 Examples. 


Example. Let R = Z[X, Y] be the polynomial ring in two variables. 

5.1 Theorem. 

^ {/+/^} 5R + {fSg -\- pg5g\ f,g € R} 

Proof. First we claim that Lq{R, 1, —1) = Arf®(i?, 1, —1). 

Let (M, [(/>], e) G BQ{R, 1, —1) be given. Then 6 [ 0 ](TO)(m) = 0 for every m G M. 
Choose a basis element / in M. There exists an element g G M such that 
6 [ 0 ] (g) = f*. Thus we obtain a decomposition 

(M, [(/)], e) ^ (TV, [f,g]) T {N^, /i), 


where N := Span(/,g), N-^ := {m G M \ b[^]{m){N) = 0} and h is some class 
of bases. Given the fact that Ki{R) = Z/2 it may be necessary to interchange 
the roles of / and g to get the right class of bases at the right hand side. In this 
decomposition the first summand is isomorphic to 



,[( 1 , 0 ),( 0 , 1 )]) 


for some a, 5 G R. An induction argument proves the claim. 

Furthermore R has a structure of A-ring by lemma Next we claim that 


R 

{f + P} 


__ 

2VtR + 5R + {f5g + pg5g | /, g G i?} 


ArP(i?,l,-l) 


defined by 

is a well defined inverse of the homomorphism in theorem The only non¬ 

trivial point on our checklist is: show that this map respects the relation 


aSbc + abSc + acSb = 0. 


This amounts to showing that the relation 

{{a,be)) = {{ab,c)) + {{ac,b)) 

holds in Arf(i?). But this follows immediately from the identity 

((/,5)) = /,5 e i?. 

It suffices to prove this for monomials by additivity. By using the relations in 
Arf(i?) we see that 

{{X^Y^, X'^Y^)) = {{X^Y^kX'^-^Y\ X)) + {{X^Y^X^IY^-^,Y)) 
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whenever k or I is even. By symmetry this is also true when i or j is even. In 
the remaining case i, j, k and I are all odd and 




{{XY, 

(^(^XY, X(*+^“2)/2y0+i-2)/2^^^ 


An induction argument finishes the proof. • 

Example. Let G be the group with presentation 

G := {X, y, S' I = {XSf = (ys)2 = l, XY = YX). 

We study Arf®(G) and Arf^(G). Recall that we are working with the anti¬ 
involution determined by g for all g G G. Let H be the subgroup of G 

generated by X and Y. These groups fit into the split short exact sequence 

1 —*H —^ G — >G2 —> 1, 

where G 2 is the group of order two generated by S. Elements of order two in 
G have the form X'^Y^S for some i,j G Z. Every element / G F 2 [G] can be 
decomposed in a unique way as f = f- + f+S with /-, /+ GF 2 [iL]. 

5.2 Proposition. Arf®’^(G) is generated by the elements 


(1,1) 




(X2W2^'+1S', S') 

with j 

> 

0 

(A:2*+iy2j-5<^ s) 

with i 

> 

0 

(A: 2 *+iy 2 i+is, s) 

with i 

> 

0 

(a:2W2^+is, xs) 

with j 

> 

0 

(x2*+iy2i+is, XS) 

with j 

> 

0 

(A: 2 *+iy 2 i+is, ys) 

with i 

> 

0. 


5.3 Remark. We say that an element / gW2[H] fulfils condition 1 resp. 2 if 
all terms X^Y^ of / satisfy i > 0 resp. j > 0 . Using the fact that for each 
h gF 2[7L] there exist unique /iq, hi,/12,/13 eF2[iL] such that 

h = hQ + hfx + h^y + h\xy, 

we can reformulate proposition 15.21 as follows. Every element of Arf®’^(G) is of 
the form 

(/s,s) + (< 7 s,xs) + (hs,ys), 

with 


• /ij/s satisfy condition 1, /2 satisfies condition 2 and /o GF2 
■ 92, gs satisfy condition 2 and go = 5i = 0 
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• /i 3 satisfies condition 1 and ho = hi = h 2 = 0. 

5.4 Lemma. Every element of Arf®’^(G) is a sum of elements of the form 


{X^Y^S,S), {X^Y^S,XS), {X^Y^S,YS). 


Proof. It suffices to prove this for generators {X^Y^S,X^Y^S). Conjugation 
by X and Y yields 


{X^Y^S,X^Y^S) = 


lx^Y^^^S,X'^Y^^^S). 


This proves that our generator has the desired form whenever one of the expo¬ 
nents i, j, k OT I is even. 

If all exponents are odd, we have 


{X^Y^S,X'^Y^S) = {XYS,X'^-^+^Y^-^+^S) 


where both k — i + 1 and / — j -I- 1 are odd. But since 

{XYS,X‘^^+^Y‘^^+^S) = {XYS,X^+^Y^+^SXYSX^+^Y^+^S) 
= {XYS,X^+^Y^+^S) 


and 

(XYS, XYS) = {XYS, 1) = (1,1) = (S', S), 
we can use an induction argument to prove the assertion in this case. 




We turn to the proof of the proposition. 

Proof. By lemma PTH it suffices to prove the claim for the elements 

(x™r"s,s), (x™y”s,xs), (x™r"s,rs). 

o (x™r"s,s) 

We may assume that m or n is odd by using the relations 

(S,S) = (1,I) 

{x^"^Y^^s,s) = (A""r”ssx™y”s, s) = (x”W”s,s). 

Further we may assume that the odd exponent is positive since 

(x™y”s,s) = (sx™r"ss,s) = (x-™r-”s,s). 

o (A™r’^s,xs) 

We may assume that n is odd by 

{X^”^Y^^S,XS) = (S,A-2™+ir-2"S') = {X^^-^Y^^S,S) 

(A:2™+iy2»5'^xs) = (A™+ir’"sxsx™+^y”s,A:s) 

= (w™+ir”s,xs). 

And we may assume that n is positive since 

{X"^Y^S,XS) = {XSX^Y^SXS,XS) = {X-^+‘^Y-^S,XS). 
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o {X^Y'^S.YS) 

We may assume that n is odd by 

(x 2 ’"r 2 "S', rs') = (x 2 ’"r 2 ”-is',s') 

(x2™+ir2”S', rs') = (X5',x-2™y-2"+i5') = { x -‘^"^ y -‘^^+^ s , xs ). 

We may assume that m is odd by the relation 

(w 2 ™r 2 ”+i S', ys) = (y "*y”+i sr sx’"y”+i s, rs) 

= (x™y”+is,ys). 

And we may assume that m is positive since 

(x™r”s,ys) = (rsA'”r”srs, rs) = (A-™r-”+2s,ys). 


This completes the proof. 
The Arf invariant 


Arf®(G) ^ K{G) = 


F2[G] 


Span{a + a, 6 + 5^ | a, 6 G F 2 [G]} 


which maps 


splits by 


(AWJ's,A'=r's) to 
(AW^S, 1) = (1,1) to [1] 


[X^Y^] h^(AWJ'S,S) 
[X^Y^S] ^( 1 , 1 ). 


We write Arf(G) for the remaining summand. Thus 


Arf"(G) ^ Arf(G)© A(G). 

Observe that the inclusion F 2 [i/] '—>F 2 [G] induces an isomorphism 

K{H) ^ KiG), 

with inverse [a] 1 —> [a_ + a+mjT]. 

Arf(G) is generated by 

{{a,b)) :=(a+S,6+S) + (a+^S,S), 

where a = a, 6 = 6 inI^[G]. The following relations hold in Arf(G): 
{{a,b)) = {{a+S,b+S)) 

((a,l)) = ((l,a)) = 0 

((a,S)) = ((S,a)) = 0 

{{a, bi + 62 )) = {{a, bi)) + {{a, 63 )) 
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for every c GIF^ [G] 


{{a,b)) = {{b,a)) 

{{cac,b)) = {{a,cbc)) 

{{a,b)) = {{a,bab)) 

Now we consider the representation p:F 2 [G] ^ M 2 {R) of G over the ring R := 
F 2 [-ff] determined by 





and the diagram 


Arf"(G) 


Arf"(i?,l,l) 



A«(G) LS(M2(i?),a,l) ^ Gg(i?,l,l). 

Here i and j are inclusion maps, 
p is induced by p, 



aiA) := UA*U for all A G M 2 (R), 

7 is the composition of the ‘scaling-isomorphism’ 

Lq{M 2 {R), a, 1) Lg(M 2 (i?), transpose, 1) 

and the ‘Morita-isomorphism’ 

Lq{M 2 {R), transpose, 1) LoiR^ !)• 


5.5 Lemma. {X^Y^S, S) ^ {X-^Y-i, X’^Y^) + {X^YG X-’^Y-^). 

Proof, i maps {X'^Y^ ,X^Y^) to 

fx^Y^s 1 \]_r/^o iV 

0 X’^Y^sjl [^0 ojj’ 

p maps this element to 

/ 0 X^Y^ 1 0 \1 r/0 0 1 o\- 

0 0 1 1 _ I 0 0 0 1 I 

0 0 0 X’^Y^ I 0 0 0 0 ’ 

Vo 0 0 /J LVo 0 0 0/. 
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7 maps this element to 


■ 

/X^Yi 

0 

0 

^ M 




0 

0 



0 

A-W-J 

1 




0 

0 

1 



0 

0 

XkYi 

0 



0 

0 

0 

0 


\ 0 

0 

0 

X-^Y-i ). 



\0 

0 

0 

0/J 


Now we apply the isometry ^ ^ ^ J. Note that this isometry is admissible 

since its class in Ki{R) is trivial. This yields 


■ 

1 

1 

0 

1 

M 




0 

1 



0 


0 

1 1 



0 

0 

0 

1 1 


0 

0 

X^Yi 

0 



0 

0 

0 

0 


\ 0 

0 

0 

X-^Y-I J . 



\0 

0 

0 

0/J 


This element is equal to j , X^Y^) + {X^Y^, X-^Y-^)) . 

Consequently 


'ip{{{fS,gS))) = ((/,g)) + ((/,5)) e Arf(i?) 


for all f,g gF 2[7J]. We are now in the position to apply the machinery of the 
previous section and in particular the secondary Arf invariant 


Arf(i?) 


n f 


SR + {(a + a?‘b)5b \ a,b G i?} 


of theorem 

5.6 Theorem. The invariant 


Arr(G) 

{fS,gS) 


R 

Span{a + a, 6 + 6^ | a, 6 G i?} 

{{f9],[7^9 + fSg]), 


SR + {(a + a?‘b)Sb | a, 6 G R} 


is injective and the elements mentioned in vrovosition \5.‘A constitute a basis for 
ArC(G). 


Proof. By the reformulation of proposition 15.21 in remark 15.51 it suffices to 
prove that 


(/'5, S) + (gS, XS) + (hS, YS)=0 f = g = h = 0, 

whenever f',g,h GF 2 [if] satisfy the conditions mentioned in remark [5.51 Sup¬ 
pose ^ := IfS, S) + [gS, XS) + {hS, YS) = 0. Define f := f + gX-^ + hY-\ 
Then 

i = ifS,S) + {{gS,XS)) + {{hS,YS)) 
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and / still fulfils the condition of remark 15.dl The image 

([/], [{gX-^ + gX)X-^6X + {hY-^ + hY)Y-^SY]) 

of ^ vanishes in 

R nn 

Span{a + o, 5 + 6 ^ | a,b G R} ^ <5i? + {(a + a?b)5b | a, 6 G i?} 

We will exploit the following facts to show that f = g = h = 0. 

■ For each h G R there are unique /iq, hi, / 12 , /13 G R such that 

h = hl + hlX + hlY + hlXY. 

■ If h G i? is symmetric, i.e. h = h and the constant term of h is zero, then 
h = p + p for some p G R. 

■ If h G i? is symmetric, then /iq, hIX, h\Y and h^XY are symmetric. 

The fact that [/] = 0 guarantees the existence of a, 6 G i? such that 

f = Q, Y CL^ Y b Y b. 

This implies: /o = 0 and a§ + is symmetric. So oq + a = gq Y Uq Y a^X Y 
Y a^XY is symmetric as well. By applying induction on 

max{|i| + \j\ I X^Y^ is a term of a + a^} 

we conclude that a + is symmetric. Hence ffX Y /|H + f^XY is symmetric, 
but the conditions on /i, / 2 , /s make this impossible unless / = 0 . 

Since [{gX~^ Y'gX)X~^5X Y {hY~^ Y hY)Y~^5Y] = 0 there exist a,b,cG R 
such that 

{gX-^YgX)X-^6XY{hY-^YhY)Y-^dY = {aYa^)X-^SXY{bYb‘^)Y-^SYY6c 
Since 


Sc = 5 {cl Y cfX Y cIY Y 4 XY) 

= clXX-^SX Y c^YY-^SY Y clXYX-^SX Y c^XYY-^SY, 

we may assume that Cq = 0 and it follows that 

gX-^ YgX = aYa^YcfXY clXY, 
hY-^ YhY = bYb^ YcIY Y clXY. 

Substituting g = g^Y Y g\XY and h = h^XY gives us the identities 

g^X-^Y Y glY Y g^X-^Y Y g^Y = aYa^ YcjXY clXY, 
hjX YI4X = bYb^ YcjYY clXY. 

From these equations we deduce that ao = a and bg = b, thus aYa^ = bYb^ = 0 . 

Hence ci = C2 = C3 = 0 . But then the restrictions on 52, 53 and hg imply 

92 = gs = hg = 0 . This finishes the proof. • 
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Chapter III 

Hochschild, cyclic and quaternionic homology. 


1 Definitions and notations. 

In the fourth section of the previous chapter we explained why we are interested 
in constructing certain operations on cyclic homology groups. We start by 
summing up the definitions of the various homologies we need. We refer to 
HTnin] for more details. 

Let k denote a commutative ring with identity. 

1.1 Definition. A simplicial /c-module is a series of fc-modules {M„ | n € N}, 
endowed with fc-module homomorphisms 

di'. Mn Mn-i for all i G {0,1,..., n} 

sf.Mn—^Mn+i for all i G {0,1,..., n}, 

satisfying 

didj = dj-idi if i < j 

( Sj-idi if i < j 

diSj = <1 if j < * < j + 1 

[ Sjdi-i iti> j + 1 
^iSj = + if ^ ^ J- 

1.2 Definition. A cyclic fc-module is a simplicial fc-module {M„ | n G N} 
equipped with homomorphisms 


satisfying 


a;: M„ M„ 


= 

diX = 

1 

-xdi-i 

for all 

J G {1, .. 

.,n} 

dox = 

SiX = 

{-iTdn 

-XSi^l 

for all 

* G {1, .. 

.,n} 

SqX = 


2. 

■ 




1.3 Definition. A quaternionic fc-module consists of a simplicial /c-module 
{Mn I n G IN} and homomorphisms 

f x: Mn Mn 

1 y.Mn^ Mn 
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satisfying 


^n+l 

= 




xyx 

= y 




diX 

= -xdi-i 

for all 

i e {1,.. 

.,n} 

SiX 

= -XSi-i 

for all 

i e {1,.. 

.,n} 

diV 

= (-l)”yd„-i 

for all 

f G {0, .. 

.,n} 

SzV 

= (-l)"+iys„_i 

for all 

f G {0,.. 

.,n} 


1.4 Definition. A quaternionic fc-module is called a dihedral /c-module when 
= 1 . 

1.5 Example. Let i? be a /c-algebra. We write as an abbreviation for 

the (n+l)-fold tensor product R(^k R- The fc-modules 

M„ := i?”+i 

and the homomorphisms di and Si determined by 

(ij(ao 0 • • • 0 a„) := 

Si(ao 0 • • • 0 a„) := 

constitute a simplicial /c-module. The homomorphisms x:R^~^^ deter¬ 

mined by 

x{ao 0 • • • 0 a„) := (-l)”a„ 0 uq 0 • • • 0 a„_i 
make this simplicial module into a cyclic module. 

If in addition R is equipped with an anti-involution of /c-algebras i? —> i?, it 
even becomes a dihedral module by defining 

y{ao 0 • • • 0 a„) := (oq 0 ^ 0 • • • 0 oT). 

1.6 Example. More general, given a fc-algebra R and a i?-bimodule P we can 
turn 

M„ := P ®k i?” 

into a simplicial fc-module through the homomorphisms 



r pri (g r2 (g • • • (g r„ 

for i = 0 

di(p(g ri (g • • • (g r„) := 

< p (g ri (g • • • (g riri+i (g • ■ 
1 r„p(g n (g • • • (g r„_i 

■ • (g r„ for 0 < t < n 
for i = n 


Si(p(8) ri (g) • • • (g) r„) := p (g) ri (g • • • (g r* (g) 1 (g r^+i (g • • • (g r„ 

for 0 < i < n 


1.7 Definition. For every simplicial /c-module M* one constructs the chain 
complex called Hochschild complex as follows: 

-^ M„+i -Mo 


J Oo (g • • • (g aiOj+i (g • • • (g a„ for 0 < t < n 
[ a„ao (g ai (g • • • (g a„_i for t = n 

oo (g • • • (g Oi (g 1 (g Oi+i (g • • • (g a„ for all 0 < i < n 
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where 


i=0 

The Hochschild-homology of M* is by dehnition the homology of this chain 
complex. 

In case M* is the simplicial fc-module of example [T31 we denote this chain 
complex by {R*, b) and its homology by i?* (i?). 

1.8 Definition. If M* is a cyclic fc-module one can build a double complex 
C{M,)-. 

I 

b 

Mn-1 

i 

where 

n 

b := ^(-I)U 

n—1 

b' := 

i^O 

n 

L ■= 

1=0 

The cyclic homology HCn{M^.) of M* is by definition the n-th homology of the 
total complex TotC(M*) associated to C{M^), i.e. 

HCniM,) :=i/„(TotC(M*)). 

In the case that M* is the cyclic module of example 11.51 we denote this cyclic 
homology by 

HCniR). 

1.9 Definition. If M* is a quaternionic module one can build a double complex 
'D{M^) as follows: 


^ M„ 

-b' b -b 
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i 

1'’ 

Mn-l 

I 


i 


i 

1 

i 

© 


^ M„ © M„ 

^ Mn ^ 

Mn 


-B 


B 


I 

© 

Mn-l 

1- Mn-l © Mn-l 

^ Mn-l ^ 

Mn-l 

i 


i 

i 

1 


where 


b : 




b' := 

B ■= 

B ■= 

L : 


i=0 

n —1 

i=0 

b' o' 

0 b 

b 0 
0 b' 


= E^ 


N := 

a := 

(3 := 

7 := 


i=0 

(1 - x 1-2/) 

i 1 + 2/a; 
— 1 — y a: — 1 

1 — X 
2/a; - 1 


The quaternionic homology HQn{M^,) of M* is by definition the n-th homology 
of the total complex TotI?(MH.) associated to V{M^,) i.e. 


HQn{M.) :=7J„(TotI?(M*)). 

In the case that M* is the quaternionic module of example [T31 we denote this 
quaternionic homology by 

HQniR). 
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2 Reduced power operations. 

In this section we will construct operations on various low dimensional homology 
groups. These operations will be used later on to define new Arf invariants. We 
feel that the material in this section is interesting in its own right. 

Notation. Let p be a fixed prime number for the rest of this section. For every 
n G IN, /„ denotes the set {l,2,...,n}. /„ will act as a set of indices. The 
symmetric group of degree p, Sp acts on the p-fold cartesian product of /„ 

by 

r(ii,...,fp) := (i^(i),...,V(p)) for all {ii,... ,i„) G IP,t e Sp. 

Consider the permutation ct := (1 2 • • Define A„ := {j G \ aj = 7 }. 

Let r„ denote a set of representatives for the u-orbits of the free action of a on 
IK - A„. 

Let R be an associative ring with identity. Now recall the definitions of 
the Hochschild homology group Ho{R) and the cyclic homology group HCo{R). 
Observe that both groups are equal to Coker( 6 ), where b: R(^ R^ Ris defined 
by 

b{ri (g) r 2 ) = rir 2 — r 2 ri. 

For all r G i? we denote by [r] the class of r in Ho{R). 

2.1 Proposition. 9p: Ho{R) — > Ho{R/pR) defined by 

^p(H) := K]. 


is a well-defined homomorphism. 


Proof. For all maps a: In ^ R and elements 7 = {ii,... ,ip) G IK, we will 
write 7 ( 0 ) instead of aqOij • • -aip- We assert that 


p 

=pj{a) -b 


-p-1 

'y ^ ' ' ' ^il ® + i 

.1=1 



This is easily verified by writing everything out. For all a: I 2 —>■ R, the following 
identity holds in Ho{R/pR): 


[(oi + 02)^] 


K + ^2 + b'(a)] 

le/J-Aa 

K + of + ^ crS(a)] 

7 Gr 2 k— 1 
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So it suffices to show that [(^(ai 0 a 2 ))^] = 0 in Ho{R/pR). Now then: 


[{b{ai 0 0 : 2 ))^] = [(ciiQ :2 ~ 0 : 20 : 1 )^] 

= [{aia^r + {-ina2ai)P] 

= [aia2(o:ia2)P ^ — a2{o'ia2)P ^cti] 

= [6(q;i (g) Q;2(Q;ia2)*’“^)] 

= 0 

This proves the proposition. • 

Recall the definitions of the Hochschild homology group Hi (R) and the cyclic 
homology group HCi{R): 


Hi(R) := 
HCi{R) := 


Ker(5: R^ R^ R) 
Im( 6 : i? (g) i? (g) i? ^ R) 

Ker( 6 : R(^ R^ R) 


Im( 6 : i?(g)i?(g)i?^i?)+ Im(l — x) ’ 


where 


b{ri (g) r2) = rir2 - r2ri, 

b{ri (g) r2 (gi ra) = rir2 (g) ra - n (g) r2ra + rari (g) r2, 

x:R(^R^R(^R is defined by x{ri (g) r 2 ) = —r 2 (g) ri. 

For all ^ e Ker(fo: i?(g) R^ R), we denote by [^] the class of ^ in Hi{R) as well 
as in HCi{R). 

Let a, P: In ^ R be set-theoretic maps. For every p-tuple 7 = (ii,... ,ip) G 1^ 
we write 


instead of 


Pii^i2 Pi2 ' ' ' ^ip-iPip-i ® ^ipf^ip ^ R®R~ 


2.2 Theorem. 

Pi ^ 

-ie/„ 


The map Op-.HpR) HCi(R/pR) determined by 

p-i 

■> ^ {aiPi)P~^ai <81 /3i + X! X! “ ^o-*7(/3. «)) 

iG/„ 7Gr„ t=l 


is a well-defined homomorphism. 

2.3 Remark. In the case that p = 2 this reads 6 * 2 : Hi{R) HCi{R/2R) 


n 

Pi 

1 —^ 

n 

aiPiai (g) /3i + [ctiPi (g) aj/3j -b Aa* (g) Pjafi 

.i=l 


i—1 i<.j 
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We will prove this theorem with the help of a series of lemmas. 
2.4 Lemma. Let to > 1. For all ri, r 2 ,..., € i?: 


m 

ri+in +2 ■ ■ ■ rmrir 2 ■ ■ ■ n-i 0 n 

2=1 


(1 - x){ri • • Tm 0 1 ) 


?"*+2 ■■■rn 


' n 


I n+i 


6(1 (g) ri • --rm-i (g r„i) 

6(1 g ri • • - Tm g 1) 


Proof. Simply a matter of writing everything out. 




Corollary. For all a, /3: ^ i? and 76 /^ 


-p-i 

y^(tcr*7(a,/3) - tcr*+^7(a,/3)) 


y^cr*7(a,/3) 


Li=l 


= 0 . 


Corollary. 6*p does not depend on the choice of r„. 


2.5 Lemma. Let T{R x R) be the free abelian monoid on the set i? x i? 
and ®:T{Rx R) —> i? g i? be the canonical morphism. There is a bijective 
correspondence between homomorphisms on Ker( 6 : i?gi? ^ R) and morphisms 
on Ker( 6 g: lF(i? x R) ^ R) which kill all elements of the form 

{u, 0) u G R 

(0, u) u G R 

{u, V + w) + {u, —v) + {u, —w) u,v,w G R 
{u + u, w) + {—u, w) + {—V, w) u,v,w G R. 


Proof. To a homomorphism / on Ker( 6 ), we associate the morphism /g on 
Ker( 6 g). It is clear that this morphism meets all requirements. 

Conversely suppose / is a morphism on Ker( 6 g) as in the statement above. 
Define the homomorphism g on Ker( 6 ) as follows: If ^ ® Pi belongs to 

Ker( 6 ), we choose 77 = as a lift of ^ in Ker( 6 g), and define g{^) := 

f{g). Let us verify that this is well-defined. 

Suppose fj = J2ii^i’Pi) is another lift of ^ in Ker( 6 g). Consider the differ¬ 
ence g — fj in the free abelian group Rg{R x R). By definition of the tensor- 
product, this takes the form: 

y^{(ufci +Vki,Wki) - (Wfci,Wfci) - {vki,Wki)} + 

ki 

'^{{Uk2,Wk2) + ivk^.Wk^) - {Uk2 WfcJ} -k 

k2 

y^{('Ufc3,Ufc3 -kWfcj) - (Wfc3,Wfc3) - ( 77 ^, 3 , Wfcj)} -k 

'^{{Uki,Vk^) + {Uk^,WkJ - {Uki,Vki +Wk^)} 

k4 
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for certain Uki,Vki,Wki € i?. As a consequence we have in iF(i? x i?): 

?7 + '^{{uki,Wki) + {-Uki,Wki) + {Q,Wki)} + 

ki 

'^{{Vki,WkJ + {-Vki,Wki) + (0,WfcJ} + 
ki 

'^{{Uk2 +Vk2,Wk2) + {-Uk2,Wk2) + {-Vk2,Wk2)} + 

k2 

^{2(0,rcfcJ} + 

k2 

'^{{Uk3,Vk3) + {Uk3,-Vk3) + (Mfc3>0)} + 

ks 

'^{{Uk3,Wk3) + {Uk3,-Wk3) + {Uk3,0)} + 

ks 

'^{{Uk4.,Vk4 +Wk4) + {Uk4,-Vk4) + {Uk4,-Wk4)} + 
k4 

j2muk4,o)} = 

k^ 

V + { {Uki + Vki , Wfci ) + {-Uki ,Wki) + {-Vki , Wfc J} + 

ki 

j2mo,wk,)}+ 

ki 

'^{{Uk2,Wk2) + {-Uk2,Wk2) + (O,^^^)} + 

k2 

'^{{Vk2,Wk2) + {-Vk2,Wk2) + (0,'lCfc2)} + 

k2 

X! i ('“*3 ) ^fc3 +Wk3) + {Uk3 , -Vk3 ) + {Uk3 , -Wfc3 )} + 

y] {2^3,0)} + 

ks 

'^{{Uk4,Vk4) + (■Ufc4,-VfcJ + (Mfc4,0)} + 

k4 

{(■Ufc4> ■'^*4) + {Uk4, -Wk4) + (^^4,0)} . 
k4 

This implies f{r]) = /(iy). Hence g is well-defined. The rest is obvious. • 

We want to apply this lemma to the map 

0p:Ker(&®) ^ HCi{R/pR) 
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defined by 


p-i 

(a*, A) 1-^ Y ia^Pif~'^ai Pi + Y P) - t<T*j{P, a)) 

i&In i&In 7er„ i=l 

But first we need another lemma to show that 9p is well-defined in the sense 
that the formula on the right-hand side defines a cycle in HCi{R/pR). 

2.6 Lemma. For all a,p-.In R with Pi) G Ker(6(8)) 

^ ( X! ® Pi+ Y^ (^cr*7(a, P) - ta*-f{P, a)) j = 0 - 

\iein 76r„ t=i J 

Proof. Writing 7(0, P) instead of ai^Pi^ ■ ■ • ai^Pi^, for every 7 = {ii,... ,ip) G 
1^, the expression becomes 

Y - 7 (/ 3 .a))+ 

76A„ 

p-1 

Y^ ^^(tcr* 7 (a, P) — t(T*+^ 7 (a, P) — ta*'j{P, a) + t(j*+^7(/3.a)) 

7er„ t=i 

p 

= Y a)) 

76 A„ 7er„t=i 

76A„ 


76-fs 



This proves the assertion. • 

We proceed by showing that 9p is a morphism on Ker(5(8)). 

2.7. Suppose we are given a, p-.I^^R and a', P': In' —> i?, such that 

V = 9 ' = Y 

ie/n 

are in Ker(6(g)). Let’s say 

r :=Y <^iP^ = Y X! = X! 
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We identify the disjoint union V In' and In+n' ■ Define d: In+n' ^ by 

a{i) := 


a{i) ii i G In 
a'(i) ii i & In 


and define /3 in the same way. The map In+n' h defined by 


1 Hi € In 

2 ii i € In 


induces a map tt: I^+n' ^2 which preserves the u-action. Therefore 

Tn+n' =r„ur„-u IJ TT-\X). 

Aera 


Using this terminology we equate 

^piv + v') - ^piv) - ^piv') 

p-i 

= X! X! X! - icr‘7(/3,a)) 

t —1 AGr2 7G7r“i(A) 

~p-l 

_t=i Aera 

= 0 , 

where p: I 2 ^ R is defined by p(l) = r and p{ 2 ) = r'. 

And \{p) = pi^--- pi^_^ ® pi^ if A = (U,..., ip) G If. 

2.8. Now it is time to apply ]emma, l?~Hl a,nd show that Op induces a homomor¬ 
phism O'p on Ker(&; R® R) : 

o It is clear that 0p{u, 0) = 0p{0, u) = 0, for all u £ R. 

o 0p{{u, V + w) + {u, —v) + (u, —w)) = 0, for all u,v,w€ R: 

Define a, P: I 3 ^ R by 

a(l) := u a{2) := u a(3) := u 

P{l):=v + w /3(2) := —u /3(3) := —w. 

The map I 3 I 2 defined byli—*-1, 2i-^2, 3i-^2 induces a map 

tt: /g ^ I 2 which preserves the a-action. Define a', P': I 2 R by 

a'(l) := u a'(2) := u 
P'll) := -V P'{2) := -w. 

And finally we define 

71 := uP[uP 2 ■■■u®P'i^ 72 := P'iuP 2 U ■ ■ ■ P)^ ® u 
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for all 7 = (ii,... ,ip) G /f. 


Op{{u, V + w) + {u, -v) + (u,-w)) = 0p I ^ (tti, A) 

\*e/3 

{u{v + w)Y~^U ® {v + w) — {uvY~^U ®v— {uwY~^U ® w 
= - H 71 + ^ 71 

7^/2 7€A2 

= - E 71 

7^/2 —A 2 

= - E E('^‘7)i 

7Gr2 1 

p-i 

E E(^^*7(a./3) - icr‘7(Aa)) 

76r3 t=i 

p-i 

= EE E (^'^‘7(a./3) - icr*7(/3,a)) 

AGr 2 1 7€7r”i(A) 

p -1 

+ E E(^'^*7(a',/3') - i'^*7(/3',a')) 

7er2 i=i 

But for all A G r 2 we have 

^ {taYia, P) - taYiP ,«)) 

ye7r-i(A) 

= ± [t{{u{v + w)Y~^ (S> u{v + w) — {{v + w)uY~^ (8) (u + u;)m)] 

= 0, 

since [{abY ab — {baY (8) 6a] = 0 in HCi{R). Further 

p-i 

E E*^^^*7(a', Y) - a')) 

7er2 t=i 

p-i 

= E E*^^*^^*’^^7)2-i(o'‘7)2) 

7 Gr 2 t—i 

= - E E(‘^‘7)2 

76r2 t=i 
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Conclusion: 


9p{{u, u + w) + {u, —v) + {u, —w)) 


- + (^* 7 ) 2 ) 

7€r2 t—i 

7€r2i—1 

0 


according to the corollary following lemma, [?7I 

o In a similar way one can prove that 0p{{u + v,w) + {—u, w) + {—v, w)) =0, 
for all u,v,w G R. 

Thus we obtain a homomorphism 0'^. Ker(6) —> HCi{R/pR). 

2.9 Proposition. 9'p{u ®v + v®u) = 0 uv] for all u,v G R. 

Proof. Define a,[ 3 :l 2 ^ R hy a(l) := u, a(2) := v, /3(1) := v, /3(2) := u. 
We equate 

9p{u 0v + v ^u) 

p-i 

= {uv)^~^u 0 u + {vu)^~^v 0 u + ^ ^ ta^y{a, /3) — a) 

7er2 t=i 

The permutation I 2 —>■ I 2 determined by 1 2, 2 1 —> 1, induces a permutation 

tt: If ^ I 2 which preserves the u-action. Since ff) = 'y{P, a) for every 

7 G r 2 , the term involving the double sum in the equation above vanishes. 
Adding this to the fact that [{uv)^~^u 0 u + {vuY~^v 0 u] = 0 uv\ 

proves the proposition. • 

2 . 10 . To finish the proof of theorem o it only remains to show that 

9'p(uv ® w — u® vw + wu 0 u) = 0 for all u,v,w G R. 

For this purpose we define a, 13 :13 ^ R by 

a(l) := uv a(2) := vw q:(3) := wu 
/3(1) := w P{2) := u 13(3) := v 

We use proposition to equate 


9p(uv ® w — u® vw + wu 0 v) 

= 9'p((uv ®w + vw ® u + wu ® v) — (u® vw + vw 0 u)) 

= [(uvw)^~^uv ® w + (vwu)^~^vw 0 tt + (wuv)^~^wu 0 V 

p-1 

+ ^ ^^(ta*y(a, P) — tYy{P,a)) — {uvw)^~^ 0uutt;]. 

7er3 i=i 


68 








The permutation /a —> J 3 defined by 1 1 —> 3, 2 1 —> 1, 3 1 —> 2, induces a 

permutation tt of /g which respects the tr-action. Since 7r7(a,/3) = 'y{/3,a) for 
every 7 G Fg, the term involving the double sum in the equation above vanishes. 
And because 

[{uV'wY~^UV 0 w + {vwuY~^ vw 0 u + {wuv Y~^ WU I^V— {uvwY~^ 0 uvw] = 0, 
we are done. 


This completes the proof of theorem E 21 

2 . 11 . Let B: HCo{R) Hi{R) denote the homomorphism determined by 
[r] 1 -^ [r(g)l + l(g)r] = [l( 8 )r]. The composition of B and 0p: ^ HCi{R/pR) 

yields a homomorphism q:HCo{R) —> HCi{R/pR), which, as a consequence of 
proposition 12.91 maps [r] to [rP~^ (g)r]. 

2.12 Theorem. The homomorphism 9p: Hi{R) —> HCi{R/pR) induces a ho¬ 
momorphism HCi{R) Coker(g). 

Proof. This is an immediate consequence of proposition EH • 


2.13. Now recall the definition ll.fil of the quaternionic homology group HQi{R). 
There is an isomorphism 


HQi{R) 


Ker((& 1 — y)-.{R® R) (B R ^ R) 


Span ■ 


{r ® s -\- s ® r, —rs — rs), 

(u 0 V -h u 0 V, vu — uv), 
(0,2(w-hw)), 

(xy 0 z — X 0 yz -\- zx 0 y,0) 


defined by 


[w, a, b] 1 -^ [w, 0, 6 + a + a]. 


Here 


b: R0 R^ R is defined by b{ri 0 r 2 ) = rir 2 — r 2 ri, 
y.R^R is defined by y(r) = r. 


2.14. The correspondence x ^ [1 0 cc, 0] obviously defines a homomorphism 

vr-.R^HQYR). 


2.15 Lemma. The map x ^ [a; (81 a;,0] determines a well-defined homomor¬ 
phism pr: R Coker vr. 


Proof. For all x,y G R, 

hnix + y) - pr{x) - PR{y) = [x 0 y y 0 x,0] = [vR{xy)] = 0. The rest is 
obvious. • 
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+ X! “)) + c ® C, 

7Gr2 

Z]7er2['T(«)/5)-o’7(a,/3)] = 0, since [r(g)s + s®r, 0] = 0 in Coker(^fl/ 2 K). Thus 
it is clear that z? does not depend on the way the sum X]i6/„ ca^Pi, is ordered. 

2.18 Lemma. If (X]iG 7 „ ® A; c) € Ker(& 1 — y), then 

ai/ditti 0 A + ctiPi (g) /3iai+ 

ViG/„ 


'^{aiPi + /SjO;*) (g) (ajPj + Pjaj) + c (g) c, 

/ 

is a cycle in HQi{R/2R). 

Proof. The image of this expression under the homomorphism (6 1 — J/) 
equals 

^ ^ “t“ (A^i) T OiiPiPiOii T PiCXiOC-iPi T 

iGln. 

y^(OjA T Pj T Pj^j') T i.^jPj d~ Pj^j^i^^iPi “t“ Pi^p “t 

i<3 

CC+CC+C^+l? = 

'y ' ipiiPi + PiCXi){oijPj + PjCHj) +CC+CC+C +C = 
ige/n 

(c + c)^ + cc + cc + =0 
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2.19 Lemma. As before !F{R x R) denotes the free abelian monoid on the set 
Rx R and T{Rx R) —> R^Ris the canonical mapping. Compare lemma lTHl 
There is a bijective correspondence between homomorphisms on 

Ker((6 1 — y): {R R) (B R ^ R) 


and morphisms on 


Ker 


{b 1 - 2 /) 


f 0 

Vo 



= Ker((6(g) 1 — y): R{R x i?) 0 i? —s- R), 


which kill all elements of the form 

((w,0),0) 

(( 0 ,u), 0 ) 

{{u, i; 0 w) 0 {u, —v) 0 {u, —w),0) 
{{u 0 w) 0 (-M, w) 0 {-V, w), 0) 


u € R 
u G R 
u,v,w G R 
u,v,w G R. 


Proof. Modulo a few minor adjustments the proof of lemmawill do. • 
We apply this lemma to the map d: Ker(&(g) 1 — y) —> Coker(y/j/ 2 fl) defined by 




KiGin 


^ ^ 0!-iPi(Xi 0 0 (y.il3i 0 

Jein 

'^{aiPi 0 Pitti) 0 {ajPj 0 Pjaj) 0 c 0 c, 

i<j 


2.20 Lemma, is a morphism on Ker(&0 1 — y). 

Proof. If 


V ■= 



and 


V ■= 


(a^.AO.c' 


are in Ker (60 1 — y), then 

d{ri 0 rj') - d{r]) - d{ri') 



1 + 




(c 0 c') 0 (c 0 c') 0 c 0 c 0 c' 0 d, (c 0 c'Y 0 0 c'^ 

= [(c 0 c) 0 (c' 0 c') 0 c 0 c' 0 c' 0 c, cd 0 c'c] 

= [c 0 c' 0 c 0 c' 0 c' 0 c 0 c 0 c', cc' 0 c'c] 


= 0 


which proves the lemma. 
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The next step is to prove that z? induces a homomorphism i?' on Ker(6 1 — y). 

2.21. We use lemma 

o It is clear that z?((u, 0), 0) = 'd((0, m), 0) = 0 for all u G R. 

o For all u,v,w G R, 

■i9((u, V + w) + (u, —v) + {u, —w), 0) 

= [m(z; + w)u {v + w) + uvu 0 z; + uwu 0 zc + 

u{v + zc) 0 (z; + w)u -\- uv ® vu + uw ® wu + 

(u{v + zc) + (z; + w)u) 0 {uv + vu) + 

{u(v + w) + {v + w)u) 0 {uw + wu) + 

{uv + vu) 0 {uw + ZZZZi), 0] 

= [ztzzzi (g) zzz + uwu 0 z; + ztz; 0 wu + uw 0 z>zt + 

{uv + vu) 0 {uw + wu)] 

= 0 . 

o In the same fashion one proves that z?(('u + z;, zz;) + (—zz, zz;) + (—z;, zc), 0) =0 
for all u,v,w G R. 

Finally we zise ri.lMi to verify that induces the promised homomorphism i}. 

2.22. For all r, s, zz, v, w,x,y,z G R we have 

z5'(r (g) s + s 0 r, rs + rs) 

= [rsr ig) s + rs sr + srs 'E) r + sr rs + 

{rs + sr) (g) (rs + sr) + (rs + fs) (g) (rs + rs), (rs + z^)^] 

= [0, rsrs + rsfs + fsrs + rsrs] 

= 0 , 

z5'(zi (g) ZI + zl (g) zJ, z>zt — uv) 

= [uvu (g) zz + uvu (g)zJ + zzz!(g)Z’zt + zZz;(g)rzI + 

{uv + vu) (g) {uv + vu) + {uv + vu) (g) {uv + vu), {uv + zzzt)^] 

= [ztzzzt (g) zz + uvu (g)zz + zzzz(g)zzzt + zZzz(g) vu, {uv + ZZZl)^] 

= 0 , 

i}'{xy (g) z + a; (g) z/z + zaz (g) z/, 0) 

= [xyzxy (gi z + xyzx (g) z/z + zxyzx ®y + 

xyz (g) zxy + xyz (g) yzx + zxy (g) yzx + 

(azz/z + zazz/) (g) (azz/z + z/zaz) + 

{xyz + zxy) (g) (zazz/ + z/zaz) + 

(azz/z + z/zaz) (g) (zaz/ + z/za), 0] 

= 0 , 

z?'(0,2(zz; + zz;')) = 0. 
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This step completes the proof of theorem ITTTn 
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3 Morita invariance. 

3.1 Theorem. Let A be the ring ofmx m-matrices over the k-algehra R. The 
trace-maps Tr: T" ^ i?" determined by 

Tr(Vi®V2®---®X„) := ^ O 0 • • • 0 

yield a chain equivalence between the Hochschild eomplexes {A*,b) and {R*,b). 
A chain inverse is given by the maps t: i?" ^ A" defined by 


t(ri 0 r 2 0 • • • 0 r„) := Eii{ri) ® ■ ■■ ® Eii{rn) 

Where Eij{r) denotes the m x m-matrix with r in the {i, j)-entry and zeros in 
all other entries. 


Proof. It’s easy to check that Tr and l are chain maps. We immediately see 
that Tr »i = 1. We will show that t ° Tr ~ 1 simply by giving a chain homotopy. 
For that purpose we proceed to introduce the following definitions: 

Define 


7: ^ 


by 


m 

7(Xo 00 • • • (g)X„) := (-1)”+! ^ E,i{l) 0 Eu{l)X^Xo 00 • • • 0X„_i, 


s: A” ^ 


by 

s(Vi (g) • • • 0 V„) :=Vi(g)-- 

and finally 

Xn-.A^^A^+^ 

by 

n 


Xn :=(-ir+iX^7' 


The following relations are valid: 


J2Ea{l)Euil) 

dob 

dob" 

da 


1 ( 1 ) 


(-l)”+'d„ 


(-l)”+^d„7'=-i if fc > 0 

(2) 

— 7 di_i if 1 < i < n 

(3) 

= (—l)^ 7 ^di_fc if k <i < n 

(4) 
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di7^ 

3 

-ydox 

(5) 


2 

(-l)"7rfn 



= 

(-l)"7d„_i 


d*7" 

4 

(_l)i-i7i-idi7fe-*+i 

(6) 


_5 




= 

if 0 < z < fc 


isdn 

= 

idnS 

(7) 

Eu{l)XEji{\) 

= 

Eii{X,j) 

(8) 

dull's 

8 

Zo Tr 

(9) 


Now we are in the position to prove that 

bXn + Xn-ib = 1 - iTr : 


bXn = 


2 


46 


7 


k—li—0 

n n n—1 

(_l)n+l(^(^07"s + (-l)"rf„7"s) + E 

k—l k—li—1 

1 - (i„ 7 "s + 

n—1n—1 n k—l 

k—l i—k k—2 i—1 


1 — t Tr + 

n—1n—1 n k—l 

fc—1 i—fc k—2 i—1 

1 — 7 Tr + 

n—In —fc —1 n n—1 

(-ir^'(E E (-i)Vd™s+^ ^ 

fc=l m=0 fc=2m=n —fc+1 

n—1n—1 

1 - ,Tr+(-l)"+i(^ ^ 

k—l m—0 
n—1n—1 

1 - ,Tr+(-ir+i(E E (-l)Vsrfm) 

k—l m—0 

1 - 7Tr-x„_i6. 


Let : i? ^ i? be an anti-involution of fc-algebras. We extend this anti¬ 
involution to an anti-involution A ^ Ahy defining {X)ij = Xji for every X G 
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A. According to example 11.51 we may regard both R* and A* as quaternionic 
modules. 

3.2 Theorem. The map Tr induces isomorphisms 

H^{A) ^H^{R) 

HC^A) -^HC^R) 

HQ,{A) ^ HQ,{R) 

Proof. It is clear from the definitions that both t and Tr preserve x and y. • 

3.3 Theorem. The following diagrams commute 


HCo{A) 

Hi{A) 

h 



HCo{R) 

^ Hi{R) 

Ho{A) ^ 

'A Ho{A/pA) 

h 


Tr 

Ho{R) - 

A Ho{R/pR) 

HCi{A) 

HCi{A/pA)/lm{q) 

Tr 


Tr 

HCi{R) 

HCi{R/pR)/ lrii{q) 

HQi{A) ^ 

Coker{y^A/ 2 A)) 

h 



HQ^{R) ^ 

Cokei{y(^R/2R)) 


Proof. A little examination of the definitions shows that B, Op and d commute 
with L. • 
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4 Generalized Arf invariants. 

Let {R,a,u) be a ring with anti-structure with u = ±1. Thus u is central and 
a is an anti-involution. 

4.1 Theorem. The map 

T: Arf^(i?, a, u) —> Coker(l -|- -dji) 

determined hy 

(a, 6) 1 -^ [a 0 b, ab] 
is a well-defined homomorphism. 

We are a bit sloppy here in denoting the projection HQi{R) Coker(^^/ 2 fl) 
by 1. 

Proof. Recall the presentation of Arf^(i?, a,M) from theorem l2.4l 
For all a,b G Ai{R) the element (a 0 b, ab) is a cycle in HQi{R/2R): 

{b 1 — y){a® b, ab) = ab baab ba = 0. 

Next we will check that T respects all the relations of the aforementioned pre¬ 
sentation. 

1. obvious 

2. obvious 

3. [a 0 5 -|- 6 0 a, a6 -I- 6a] = 0 

4. [a 0 (a; -|- a{x)), a(x -|- a{x)] = [a 0 a; -|- Q;(a;) 0 a, aa; -I- a;a] = 0 

5. [a 0 a{x)bx -\- xaa(x) 0 6, aa{x)bx a;aQ;(a;)6] = 

[aQ;(a;)6 0 a: -|- a;a 0 a{x)b, aa{x)bx a;aQ;{a;)6] = 

[aQ;(a;)6 0 a: -|- bxa 0 Q;(a;), aa(x)bx xaa{x)b] = 0 

6. ^([0 0 6, a6]) = [a6a 0 6 -I- a6 0 6a -|- a6 0 6a, abab] = [aba 0 6, a6a6] 

7. Suppose 

^ S GL 2 „(i?) satisfies ta,u 
Then using the relations for X, Y, Z and T, we equate 

(1 -f i?) [X“ 0 T -f 0 0 y“, a:“t] 

= [a:“ 0 r -f 0 0 y“ -t 

x°‘TX°‘ 0 T -t zy“0 0 y“ -f A:“r 0 -t zy“ 0 y“z + 
(a:“t + TX“) 0 (zy“ + y“y) + x°‘t 0 t°^x, + (a:“t)2] 

= [A:“yy“0r + rA:“y0y“,A:“yy“T] 

= [y“y 0y“T,A:“yy“T]. 

Now theorem ESI finishes the job. 


fX Y 
\Z T 
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This finishes the proof. • 

4.2 Remark. In the case that R is commutative and a is the identity we have 


Coter(l+^„) = Sp.n{:, + xUxeJi} ^ 

2VLr -\- 5R + {(r + r'^5s)5s | r, s G i?} 

= Coker(l + Hq{R) Hq{R/2R)) © 

Coker(l + 62 : Hi{R) HCi{R/2R)). 

This can be verified by a little examination of l2.1 dl a.nd the definitions of 62 and 
d in proposition Em theorem Em and theorem vrm The projection of 

T: Arf'‘(R, 1,-1) ^ Coker(l + 62 ) © Coker(l + 82 ) 

on the first summand is just the old primary Arf invariant. The secondary Arf 
invariant 


Arf ®(i?, 1,-1) 


n f 


+ <5i? + {(r + r'^ 6 s)Ss | r, s G i?} 


factors through the projection of T on the second summand. 
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Chapter IV 

Applications to group rings. 


1 Quaternionic homology of group rings. 

The following exposition is based upon the work of J.-L. Today in m 
Let k he a commutative ring with identity, G a group and k[G] the group 
algebra of G over k. By providing k[G] with the anti-involution ~ determined 
hy g = g~^ for all g G G, k[G] (^k k[G]^ becomes a quaternionic module by 
means of example n~5i of chapter III. 

Notation. Denote by T the set of conjugacy classes of G and by C: G —> T 
the map which assigns to g G G its conjugacy class G{g). Further we choose 
a section S'lF G ot G such that S{G{g~^)) = {S{G{g))~^ for every g G G 
with G{g) 7 ^ G{g~^). Finally, for every set V endowed with a right G-action we 
supply the free fc-module k\V] with a A:[G]-bimodule structure by letting G act 
trivially from the left-hand side on V. 

1.1. For every z G G, the right action G(z) xG ^ C{z) of G on C{z) defined by 
{x,g) ^ g~^xg for all x G G{z) and g G G, makes k[G{z)] into a /c[G]-bimodule. 

1.2 Lemma. The map 

(/): k[G] (g>k fc[G]" -> 0 fc[G(z)] k[Gr 

S 


determined by 


gi-'-gng^gi' 

0 


)gn if ggi-'-gnG C{z) 
otherwise, 


is an isomorphism of simplicial modules with inverse determined by 

h® gi® ■ ■ ■ ® g-a^ (gi - • • gn)~^h (g) 0 • • • 0 for all h S G(z). 

Proof. See M- 


1.3 Definition. We say that z € G is of type 

1 if z = z“^, 

2 if z~^ G G(z) and z ^ z“^, 

3 if z-i ^ G(z). 

For each i G {1, 2, 3} let Si denote the subset of ImS' consisting of all elements 
of type i. Notice that ImS* is the disjoint union of the Si. Now S was chosen 
in such a way that z G S 3 z~^ G S 3 , This allows us to write S 3 as a disjoint 
union of sets S^ and S3 such that z G z“^ G S^ . 
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1.4 Definition. The simplicial module k[C{z) U C{z ^)] fc[G]" becomes a 
quaternionic module by defining 

x{g(^gi(^-■ -^gn) := (-l)”(gi • • • ■ ■ gn®{gi ■ ■ ■ gn)~^g®gi®- ■ -^gn-i 

and 

y{g®gi®---® g„) := (-1)“^^ (gi • • • gn)~^g~^gi ■ ■ ■ gn® gn^ ® ® gi^ 

1.5 Theorem. 

(j):k[G]®kk[G\^0 k[C{z)UC{z-^)]®kk[GY 

ZGS1US2US+ 

is an isomorphism of quaternionic modules. 

Proof. This is easy to check. The maps x and y were defined so as to make 
(p respect the quaternionic structure. • 


1.6. For every group G we define 

d^■.k[G^+^ k[Gr 

by 

diigo® gi® ■ ■ ■ ® gn) '■= go® ■ ■ ■ ® gigt+i® ■ ■ ■ ® gn if 0 <i<n 
dn{go® gi® ■ ■ ■ ® g-a) '■= go®---®gn-i, 

n 

d: k[Gr+^ fc[G]” by d := ^(-l)*d, 

i^O 

and 

n —1 

d': fc[G]”+^ ^ fc[G]” by d' := 

i=0 

Now the map 

s: fc[G]"^^ ^ fc[G]"^^ determined by s(( 7 o ® ■ ■ ■ ® g-a) ^ ® go ® ■ ■ ■ ® gn 

satisfies sd + ds = sd' + d's = 1 and therefore provides for a chain contraction 
of both the chain complexes 

ik[G]*+\d) and {k[G]*+\d'). 

Now let G be a group and H a subgroup of G. Choose a set-theoretic section 
fk H\G G, of the canonical projection tt: G ^ H\G, satisfying P{H) = 1 
and define 7 := /3 » tt. 

In what follows we will give homotopy-inverse maps of the inclusion-induced 
maps 

j,:{k[H]*+\d)^{k[G]*+\d) 
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ji:{k[H]*+\d')^{k[G]*+\d') 

and appropriate chain homotopies. 

The chain map p* determined by 

Pnigo 0 • • • 0 5n) : = 

507(50)“^ O 7(50)517(3051)“^ (g) • • • 0 7(5051 • • • 5«-i)5«7(5o • • • 5«)“^ 
is a chain inverse to j*, through the homotopies 

/i„: ^ defined by /i„ := 0 


and 

hn- fc[G]”+^ ^ fc[G]”+^ defined by hn ■= s{jnPn - !)■ 

Thus 

Pnjn - 1 = dhn + K-ld 

jnPn - 1 = dhn + hn-ld. 

Analogously we define 

by p'n ■= 0 , 

by h'n ■■= -s 
by h'n ■■= -s. 

Then again p'^ determines a chain map and 


p'n-k[Gr+^- 

k[H]''+^ 

h'n:k[Hr+^- 

A:[i7]”+2 

7F„:fc[G]"+i- 

^ fc[G ]”+2 


Pnfn - 1 = d'K + h'n-ld' 

j'nP'n - 1 = <^'h'n + h'n-ld'. 

1.7 Definition. For all 2 : S G one defines the subgroups Gz and Gz of G by 

Gz ■■= {g e G \ gz = zg} 


and 

G^ := {5 e G I g~^zg e {z, z~^}] . 


Notice that 

• Gz = Gz-i. 

■ the correspondences Gz\G ^ C{z) and Gz\Gz ^ {z,z~^} determined by 
Gza 1 -^ a~^za are bijective. 

• Gz acts from the right on {z, z~^} by conjugation and this makes k[z, z~^] 
into a fc[Gz]-bimodule. 
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1.8 Theorem. For all z G G the inclusion Gz G G induces a morphism 

k[z, z-^] k[G:r k[Ciz) U G{z-^)] k[GY 

a ® gi ® ® pn ^ a ® gi ® ® Qn 

of quaternionic modules. 

Proof. We distinguish between three cases and keep O and definition o in 
mind. 

1. For all z of type 1 we have Gz = Gz and the inclusion Gz Q G induces a 
morphism of quaternionic modules 

k[z] (g)fe klGz]'^ 


k^kiG.] k[Gzr+^ 

1 


k ®fc[G.] fc[G]’"+i 


k[G{z)] fc[G]" 

mapping 

Z®gi®“-®gn to Z (g) gi (g) • • • (g) 

Formulas for x and y can be found in definition 1 1.41 

2. For all z of type 2 we have G(z) = G(z“^) and the inclusion Gz C G 
induces a morphism of quaternionic modules 


fc[z,z gfe A:[Gz]"' 


k gfc[Gg k[GzT+^ 


k®k[G.] fc[G]’^+i 


fc[G(z)] gfe fc[G]" 


mapping 

aggig-'-gf/n to ag 5 ig---gg„. 
Formulas for x and y can be found in definition 1 1.41 
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3. For all z of type 3 we have Gz = G^-i = Gz and the inclusion Gz G G 
induces a morphism of quaternionic modules 

k[z, z~^ (g)fe klGz]"^ 

[k fc[G,]"+i) 0 [k 0 fe[G^_,] /c[G,-i]"+i) 


(fc fc[G]"+i) © (fc 0fc[G,-i] fc[G]”+i) 


fc[G(z)UG(z-i)] 0fcfc[G]’^ 


mapping 

a 0 0 • • • 0 to a 0 gi 0 • • • 0 . 

Formulas for x and y can be derived from definition 1 1.41 

In all cases this morphism induces a chain map of the associated quaternionic 
double complexes. • 


By applying k 0fe[Gj] ~ in the various situations of ll.til that occur here, we see 
that these maps are chain equivalences on the columns by Shapiro’s lemma. 
Further ll.fil enables us to compute explicit chain inverses and chain homotopies. 
To obtain the inverse homomorphism on the level of quaternionic homology we 
use the following lemma. 

1.9 Lemma. Suppose j:C ^ C is a. chain map of double complexes 


G 20 


G 


10 


Gn 

dV 


G 20 


Gio ^ C 

n 


_ d^ 

,01 ,02 ,“'01 
(-^00 ^- (-^01 - ^02 Ooo ^- 

which is a chain equivalence on the columns. Let p^, k 
and 


_ -;h _ 

P 02 

Ool <— O 02 
be a chain inverse of j* k 


Pmkjmk 1 — ^m+1 ^ d” —1fc 

1 TF" 77 77 77” 

JmkPmk 1 ^m+lk^^k “t“ k,zn — lk^rnk' 


Then 


r:£ri(TotC) ^ iJi(TotC) 
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defined by 


[a,b] ^ [pioa+piod'lihoib +hoodoiPoib,poib] 
for all (a, b) G Ker(d^Q is the inverse of 

j*:idi(TotC) ^ idi(TotC). 

Proof. The map j^, is an isomorphism since j is an equivalence on the columns. 
By definition of double complex: 

dt-ikdmk + <i"mk-idtk = 0 for all TO, A: G N 

dt-ikXik+Kik-idtk = 0 forallTO,A:eN 

Now suppose a G Cio and b G Coi satisfy 

—ji? —h 

diQa + aQ^o = 0. 


Then 


diobioa + Piodiihoib + hoodoiPoib) + doiPoi^ 

= -Poodoib - poodQ^dlJioib + PoojoodoiPoib 
= -PoodoijoiPoib + poodoijoiPoib 


= 0 

proves that T([a, 6]) G idi(TotC). Further we equate 


j*T{[a,b]) - [a,b] 

= [jioPioia + d^Jioib) + jwhoodQiPoib - a, {joiPoi - 1)6] 

= [(jioPio — l)(a + diiholb) + jiohoodoiPoib, 0] 

= [jioPioOioPio — l)(a + diihoib) + jioPiojwhoodQiPoib, 0]. 


To obtain this last identity we used the fact that 

O'loPio - l)(a + dii/ioi6) + jiohoodoiPoib G Ker(^Q) 


and 

(jioPio - l)Ker(d]|'Q) C Im(d 2 o)- 


To continue the computation we define c := jioPioOioPio ~ l)(a + duhoib). 


[c + iioPioJioAioodQiPoi6,0] 

= [c + jioAiooPoojoodoiPoi6,0] 

= [c + jio^ooPooc?oiioiPoi6,0] 

= [c + jiohooPoodoi(dlihoi + 1)5, 0] 
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= [c — jio^oopoorfio® “ jio^oopoodio^ll^oi^, 0] 

= [c — ilo^OO'^lO-Plo(a + <^11^01^), 0 ] 

= [c - jioVio{jwPw - l)(a + dii7ioi6),0] 

= 0 . 

Thus we find j,T = 1 and since j* is already an isomorphism, this proves the 
lemma. • 


1.10. We apply lemma, FOl to the situation of theorem n .81 Write Vi for the 
double complex 

V{k[z,z-^]®k\^,]*), 

I ?2 for the double complex 

V{k\C{z)\JC{z-^)]®k[G]*) 

and 

j: Vi V 2 

for the chain map induced by the morphism of theorem ll.81 See definition o 
of chapter III for the definition of T). Picture I?i : 

k[z, z~^] 0 k[Gz]‘^ 


J^^20 

k[z, z~^] (g) k[Gz] 


k[z,z 
and I ?2 : 

fc[C'(z)UC'(z-i)](g)/c[G]2 

^20 

k[Giz)UG{z-'^)](S)k[G] 

jdio 

k[G{z)UG{z-^)] 


{k[z,z (g) A:[Gz])0 
{k[z,z~^] (g) k[Gz]) 


k[z,z-^®k[z,z-^ ^ k[z,z-^]®k[z,z-^] 


(fc[G(2) U G(z-i)] (g) A:[G])0 
(fc[G(z)UG(z-i)]0/c[G]) 


k[G{z) U G(z-i)] 0 k[G{z) U G{z-^)] 


-IM “02 


We use 01 definition o theorem o and lemma o to obtain the following 
formulas. 


dlo,dlQ : a(^ g 1 -^ g ^ag - a 
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If 

“20: “20 
“ill “ll 


,-l. 


d^ d' 

“01: “l 


OH “01 


“ill “ll 


“ 02 : “02 


PlO 

POl 

/loo = 0 
hoi 


a®gi®g 2 ^gi agi®g 2 - a® gig 2 + a®gi 
{a®gi,0) i-H {-g~^agi,0) 

(0, b®g2)^ (0, b - g2^bg2) 

(a, 0) i-H 0 
(0,5) ^b-b-^ 

(a® gi,0) 1 -^ a® gi + g^^agi ® gi^a 

(0, b®g 2 )^b®g 2 + g 2 ^b~^g 2 ® 

(a, 0 ) i-H (a, —a — a~^) 

(0,5)^ (5+ 5-1,0) 

gi^agi ® g 2 ^ 7(5'i)5r^“5i7(ffi)”^ ® 7 ( 51 ) 527 ( 5152 )"^ 
(5r^“5i.O) 0 

( 0 , 5 - 1552 ) i-H (0,7(g2)5^^/>527(52)"^) 

(5r^«5i:0) (a 0 51 : 0 ) 

(0, 5 ^ 1552 ) (0,5 0 52 - 5 0 527 ( 52 )"^) 


1.11 Theorem. The inverse 

t: Hi{Tot{V 2 )) ifi(Tot(I?i)) 

of ji, is determined by {x,y) 1 —i 

(7(5i)5r^a5i7(5i)"^ 0 7(51)527(5152)"^ + 505 , ( 0 , l { g 4 ) gf ^ cg 4 - f { g 4 )~^)), 
where 

X = gf^agi®g 2 &k[C{z)\JC{z~f]®k[G] 
y = {g 3 ^bg 3 ,gf^cg 4 ) G k[C{z)UC{z~^)]®k[C{z)UC{z~^)]. 

Proof. Under the given conditions we have 

Piorfn^oi(5;r^^53: gf^cg4) 

= Piorfii(5 0 33 ,c0 34 - 00347 ( 54 )"^) 

= Pio(&0 53 + g 3 ^bg 3 ®gf^b + c®g4 + gf^c~^g4 0 54 "^ 

-c 0 547 ( 54 )"^ - 7(54)54'^c"^547(54)"^ 0 7 ( 54 ) 5 !^) 

= b® 537 ( 53 )"^ + 7(53)53'^/'537(53)"^ 0 l{.g3)gf^b. 

Applying the first relation of the list of theorem 11 . 121 yields 

[5 0 337 ( 53 )"^ + 7(53)33'^/’537(53)"^ 0 ligfjg^^b] = [5 0 5]. 


Using the formula for t in lemma FOl yields the desired result. 
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1.12 Theorem. For every g,gi,g 2 G Gz and a G {z,z the following rela¬ 
tions are valid in i7i(Tot(I?i)). 

G [ gf^agi 0 32 + a 0 (ffi - 3152), 0, 0] = 0, 

2. [0, z + z~^,0] = 0, 

3. [0, a, a + a“^] = 0 and [0, 0, 2(z + z~^)] = 0, 

f. [z (g) z, 0, z + z“^] = 0, 

5. [z®g- z“i (g 3 , 0, z - g~^zg] = 0, 

6- [z (g (31 + 32 - 3132 ), 0 , e( 3 i, 32 )] = 0 , where 


£( 31 , 32 ) 


^ ^ ^ */ 3 i ,32 ^ Gz 

0 otherwise 


Proof. 

1 follows immediately from the definition of d^o- 

2 is clear since ^ 02 ( 0 , z) = {z z“^, 0 ). 

3 do 2 (®, 0) = (a, —a — a~^) and 2 imply that [0,0, 2(z + z“^)] = 0. The rest 
is obvious. 

4 Using the definitions of dfh and find 

0 = [z® g + g~^zg® g~'^z,-g~'^zg,Q] 

= [z g 3 + z g (z — 3 ), 0 , z + z“^] by 1 and 5 
= [z g z, 0 ,z + z“^]. 

5 Using the definitions of dfh and d^^ we equate 

0 = [zg3 + 3"^z"^3g3“\0,z-3"^z3] 

= [zg3 + z"^g(l-3),0,z-3"^Z3] by 1 
= [zg3-z"^g3,0,z-3“^z3]. 

Note that [z g 1, 0,0] = 0 by taking 31 = 32 = 1 in 1. 

d If 3 i G Gz, then 6 follows from 1. 

If gi ^ Gz, then 6 follows from 1 and 5. 

This completes the list of relations. • 

Notation. For every group J we denote by Jab the commutator quotient of J, 
i.e. Jab = J/[J, J], and by J# the quotient group Jab/(dab)^- 

1.13 Theorem. Let k =i?5- 
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1. For every z of type 1 the map 

p: Hi{Tot(V^)) ((G,)#/ < z >) X G 2 

determined by 


E 


z (X) Qi, niz, n2Z 


n 






for all ni, 712 € k and gi £ Gz, where C 2 denotes the cyclic group of order 
two generated by t, is an isomorphism. 


2. For every z of type 2 the map 

p: Hi{Tot{Vi)) 


{Gz XC2 G4)# 


determined by 

^ a* (g) gi, p{ni)z + p(772)z“\ p(n 3 )z + p{n 4 )z 


-1 




for all 711,772,773,774 € Z, Oi € {z, z and pi G Gz, satisfying the cycle 
condition p{w{gi)) = p{n^ — 774 ), is an isomorphism. Here 

p is the canonical map Z ^ fc, 

77 := ^ w{g,,) + 2 (^77i + 772 + 774 + ^ w\ai)w{gt)^ , 

w'(z) := 0 , 77 ;'(z“^) := 1 , 
w(g) := w'(g~hg) for all g G Gz- 
And Gz Xcj G 4 is the pull-back of the diagram 

G 4 


Gz ^ C 2 

Here G 4 denotes the cyclic group of order four generated by t, tti is the 
non-trivial map and Tr 2 {g) ■= jof gyery g £ Gz. 

3. For every z of type 3 the map 

r,:i/i(Tot(I?i)) ^ (Gz)# 

determined by 


(g) 5i,77iZ + 772Z ^,773Z + 774Z ^ 




+n2+n3 


for all 771,772,773,774 G k , Oi G {z, z and Pi G Gz, satisfying the cycle 
condition 773 = 774 , is an isomorphism. 



Proof. We will not enter into all the details of the proof; it is not difficult but 
rather tedious. 

1 The data in iTTni make it is easy to verify that the map on 

Ker(£i 5 'o dpi) = {k[z] (g) k[Gz]) 0 k[z] 0 k[z] 

determined by the expression in the definition of ry is a homomorphism 
which vanishes on Im(dQ2)i Ini(d2o) Im(dJ'i d\i). 

Theorem enables us to check that the inverse of rj is determined by 

([fi'l.i") [ziS:g, 0 ,nz] 

for every g G Gz, n G Z. 

2 Again 77 is a well-defined homomorphism. The inverse homomorphism is 
determined by 

[g, G] g, 0, p(ent((n 0 l)/ 2 ))z 0 p(ent(n/2))z“^] 

for all g G Gz and n G Z satisfying p{w{g)) = pin). 

3 The homomorphism 77“^ maps [<?] to [z 0 77, 0 , 0 ] for all g G Gz- 

Here ent denotes the entier function. • 

Notation. Write 

S(G') = ^ (((Gz)#/ < Z >) X C2) 0 ^ ^ r *^^21 ® (Gz)# 

zesi ZGS2 

1.14 Theorem. We have an isomorphism HQi(lF 2 [G]) —> S(G). 

Proof. By theorem o theorem rnn and theorem rmn • 
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2 Managing Coker(1 + I?). 

Before we start with our reflections on Coker(l+t 9 [p^|-^j) recall the theorems ll .51 
iniiina and im of the previous section. 

2.1 Lemma. The isomorphism 'F induces an isomorphism 

Coker(:/) '—» Coker('I' - v) 

and 

Coker( 5 '.i/) = < z >) x 02)® 

® 2 eS 2 (®)#/ < ^ > ® 

® 2 eS+(®)#/ < ^ > 

Proof. To determine Coker( 5 ' = v) we compute 

'^{v{x)) = 'E'([l (g) x, 0, 0]) 

for X G F2[G']. We may assume that x G G. There exist z G Im 5 and g & G 
such that X = g~^zg. Now 

0(1 (g g~^zg) = g~^zg g g~'^zg, 


T{[g ^ zg®g ^zg,0,0]) = [7(3)5 ^257(5) ^ ® 7(5)5 ^ zgj { zg ) \0,0] 

= [7ig)9~^zg-/ig)~^ g 7ig)g~^zgj{g)-\ 0,0] 

{ [z g z, 0, 0] if z is of type 1 

[z±igz±\0,0] if z is of type 2 
[z g z, 0 , 0 ] if z is of type 3 

applying the isomorphism 5 we find 


vl/([lg 5 -iz 5 , 0 , 0 ]) = 


([z],l)=^G {{G.)#/< z >) X C2 
[z,l] G (G^ XC2 G4)#/ < [z,t^] > 
[Z] G (Gj;)# 


if z is of type 1 
if z is of type 2 
if z is of type 3 


The rest is clear now. 




2.2 Definition. Let G be a group. Define 


(®)# 


F(z) := 


<{xGG|x = zVx^ = z}> 

_^T)#_ 

<{xGG|x = zV x2 = z}>’ 

_ (G^ _ 

. <{xGG|x = zV x2 = z}>’ 


X G2, 


if z is of type 1 
if z is of type 2 
if z is of type 3 . 


90 








2.3 Lemma. The isomorphism 'I'l induces an isomorphism 


4*2: Coker(^) '—» Coker('I'i » 


and 


Coker(5'i = fx) = 0 Hz) 

zeSiuS 2 ust 


Proof. To determine Coker(4'i = fx) we compute 0 x, 0, 0]). Again we 

may assume that x G G. There exist z € Im S and g G G such that x'^ = g~^zg. 
Observe that {gxg~^)^ = z. Now 

<j){x ® x) = x^ ® x = g~^zg 0 x. 

Notice that ^{gx) = 7(5) since gxg~^ G Gz- 

T{[g-^zg®x,Q,Q]) = [-i{g)g~^zg-i{g)~^ ®-f{g)x-i{gx)~^ 

= [li.9)9~^zg-i{g)-^ ® -i{g)x-i{g)-^,0, 0 ] 

{ [z ® l{g)9~^9X9~^gi(.9)~^ 1 ^, 0] if ^ is of type 1 

[z^^ 0 j{9)9~^gxg~^gj{9)~^,Q, 0] if z is of type 2 

[z (g) 7{g)9~^9X9~^gi{9)~^,Q^ 0] if z is of type 3 

applying the isomorphism ry we find 


( {[ 9 x 9 ^], l)_^{{Gz)#/ < [z] >) XG 2 if z is of type 1 

'E'i([a: (g a;, 0, 0]) = < [ 9 xg~^] G {Gz)=ff./ < [z] > if z is of type 2 

I [9X9~^] G {Gz)#/ < [^] > if z is of type 3 


This proves the claim. 

The isomorphism ’^2 induces an isomorphism 

T3: Coker(l + a?) =—» Coker(5'2(l + : 

HQi(^2[G]) Coker(yi) —> Coker(l +1?) 


5 


Coker(5'i = g) 


Coker(T2(l + 


2.4 Lemma. Coker(4'2(l + a?)'!' arises from Coker(4'i = g) by imposing the 
following identifications. For all z of type 


1 identify 

([5],f)eF(z) and ([g],f) G F(l) 


2 identify 


[5] G F{z) and 


r ([5],^“^®^) G P(z^) if z^ is of type 1 
\ [5] G P(z^) if z^ is of type 2 
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3 identify 

( ([5]. 1) G F{z^) if -2^ is of type 1 

[g] e F{z) and < [g] g F{z'^) if z'^ is of type 2 

[ [g] G F(z^) if z 2 is of type 3 . 

Proof. 

1 . Let {[g],t^) G ((Gz)#/ < z >) x C2. 

= [g-h^g, 0 ,iz] 

since 

(j){g~^z®g) = {z ® g) and <j){iz)=iz, 

T{[z<»g, 0 ,iz]) = [z(»g-f{g)~'^, 0 ,iz] = [z®g,Q,iz\, 

ig{[z(^g,Q,iz]) = ([5],^*)- 

'd{[g~^z (g) g, 0 , iz]) = [g~^z‘^ (g) g + z 0 z + tz (g) z, 0 , tz^] = [g~^ (g g, 0 , i], 
4-2(5"' ® 5 , 0 , i]) = {[g],e) G F{z^) = F{ 1 ) 

since 

(j>{g~'^®g) = (10 5) and 4>(i) = i, 

t([10 5,OG^:]) = [1 057 ( 5 )"', OG] = [l0 5,O,z], 

5([l0 5,O,z]) = ([5],^*)- 


2 . Let [g,f] G (G^ xc'2 G4)#/ < [z,^] >. 

^"'(b.fl) = [5"'^ 0 5 ,0,5]. 

where y = ent((z + l)/2)z + ent(z/2)z“^, since 

^(5"'z0 5) = (z0 5) and (j){y) = y, 

t([z 0 5,O,5]) = [z 0 57(5)“\O,5] = [z 05,0,5], 

r ?([2 0 5 ,O, 5 ]) = = [g,f]. 

d([5"iz 0 5, 0,5]) = [5 "^z 2 0 5, 0, ent((z + l)/2)z2 + ent(z/2)z"2]. 
Note that [z 0 z^^, 0 , 0 ] = [z^^ 0 z, 0 , 0 ] =0 in Coker(5). 

Define y' := ent((z + l)/ 2 )z^ + ent(z/ 2 )z“^. 


«'2([5"'2"0 5,O,5']) 


since 


([5], t®) G -F(z^) if z^ is of type 1 
[5] G F{z'^) if z^ is of type 2 


4 >{g 'z^0 5) 
t([z2 05,0,5']) 

5([z^ 05,0,5']) 


(z^ 0 5) and 4 >{y') = 5', 

[z^ 057(5)"', 0,5'] = [z^ 05,0,5'], 

/ ([5],^*) G C(z^) if z^ is of type 1 
I [5] G F(z 2 ) if z 2 is of type 2 
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3. Let [(/] € (Gz)^. 




since 


(j){g~'^z®g) = {z®g), 

t([z 0 3,0,0]) = [z0 37(g)“\O,O] 

? 7 ([z 0 3 ,O,O]) = [gj. 

^?([3-iz0 3,O,O]) = [g-iz2^3,0,0]. 


^2([3-V2 0g,O,O]) 

( ([3],1)gF(zV 
= U 3 ] G V(zV 

1 [ 3 ] G F(zV 

since 


1 

to 

II 

(V 0g), 

t(Jz^ 0 3,0,0]) = 

[V0 37(g)"\O,O] 

? 7 ([V 0 3,0,0]) = 

r (]g],l)GF(zV 
{ [ 3 ] G V(zV 

1 [ 3 ] G V(zV 

This completes the proof. 

0 c 7 ^4. ^ 



2.5 Definition. Let G be a group. For every z G 
subgroup of (Gz)^ resp. (Gz)# generated by the set 


= [z 0 3,0,0], 


if z^ is of type 1 
if z^ is of type 2 
if z^ is of type 3 


= Jz2®5,0,0], 

if z^ is of type 1 
if z^ is of type 2 
if z^ is of type 3 




G we define -y/z as the 


{3 G G 1 3 ^*” = z for some k G N}. 


2.6 Definition. Define 


where 


F{z) := 


J(G) :=limF(z), 

Z 


(G.)# 

V~z 


X G2 


) 

Vi 

(GV# 

Vi 


if z is of type 1 
if z is of type 2 
if z is of type 3 


and the limit is taken with respect to the homomorphisms 

• F{z) —> F{x~^zx) for every x G G defined by 

J ([ 3 ],^*) 1 -^ (Jx“^ 3 a;], t*) for all z of type 1 
I [3] [x~^gx\ for all z of type 2 and 3 
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for all 2 of type 1 
for all z of type 2 


• F{z) F{z^) defined by 

' {[git) 

if is of type 1 
\ [5] if is of type 2 

r ([5],!) if is of type 1 

[g\ I—> < [5] if z^ is of type 2 for all z of type 3 

I [5] if is of type 3 

• F{z) F{z~^) defined by [5] 1-^ [g] for all z of type 3 . 

2.7 Remark. 

J{G) ^ 0 L(c), 

C e a{G) 

where 

L(c) := lim F{z). 


2.8 Theorem. 

Coker(l + ^?) ^ J{G) 

Proof. Obvious in view of lemma El • 

2.9 Proposition. Suppose {g,h) is an element o/Arf^(G). The invariant T 
of chapter III maps {g, h) to 

( [l,t] G i([l]) if gh is of type 1 
I [h] G t{[gh]) if gh is of type 2 

Note that gh is never of type 3 . 

Proof. Define z := gh. Note that g^ = h? = 1 and hzh = z“^. By definition 
T((5, h)) = [g ®h, gh] G Coker(l + -d). By the definitions of (f, r and rj: 


Hence 


gh, 

hg O h, 

T{[hzh O h, 0 , z]) 
['y{h)hzh'^{h)~^ O ^{h)h, 0, z] 


(j){gh) 
(j){g ® h) 
T{[hg®h,G,gh]) 


7/([z-i(g)h,0,z]) 

'^3{[gfS)h,gh]) : 


= [z"^Oh,0,z] 

^ f([h],t)GF(z) 

I [h] G F{z) 

r(W,t) = ([l],i) 
\{h] 


if z is of type 1 
if z is of type 2 

if gh is of type 1 
if gh is of type 2 
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2.10 Lemma. For all z G G 


Ker(G, ^ (G',)#/Vi) C G,. 

Proof. Every commutator is a product of squares: xyx~^y~^ = x^{x~^y)‘^y~'^. 
Every square of an element in G^ belongs to G^. If y"^ = z, then y G Gz- • 

2.11 Lemma. T{{g,h)) is never trivial in J{G). 

Proof. Define z := {ghY , with k large. If z is of type 1 , the statement is true 
by proposition 12.91 If z is of type 2 , then g G Gz\Gz- Therefore [5] G L([z]) 
cannot be trivial. • 

Now we review one of the examples we encountered in section 5 of chapter II. 

Example. Let G be the group with presentation 

G := {X, Y,S\S^ = {XSf = {YSf = 1 , XY = YX). 

To compute Arf^(G) we determine 

J(G) = 0 L(c). 

c G a{G) 

It is immediately clear from the presentation of G that vT = G and for all 
z G H we have Gz = G. (Recall that H is the subgroup generated by X and 
Y.) Therefore 

= g/g 2 = G/(x2,r"). 

A little examination shows that 

a{G) = {[ 1 ]}U + [X‘^f^+^Y‘^% J^2m+ly2n+lj | j^k,m> O} 

and 

f G2 if c = [1] 

. . _ I g/(a 2, r) ^ G2 X G2 if c = [A2»r2j+1] 

I G/{X, Y^) ^ G2 X G2 if c = 

lG/(A 2 ,Ay) ^G2 X G2 ifc= [X2'"+ly2n+l]^ 

Proposition 15.21 of chapter II says that the elements 


(1,1) 



S) 

for 

J>0 

S, S) 

for 

i > 0 

I^X2^+lY‘^J+lS^ S') 

for 

i > 0 

(A2*+iy2j+is,xs) 

for 

j>0 

(A 2 *+iy 2 j+i 5 <^ YS) 

for 

i > 0. 

Ix^^Y^l+^S.XS) 

for 

J>0 
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generate Arf^(G'). But since 

T((l,l)) = tGC2 

= [S'] e L([x 2 V 2 i+i]) 

T((x2*+ir2^s,s)) = [s] G L([x 2 *+ir 2 ^']) 

T((A:2*+ir2j'+is,s)) = [S] G L([A:2*+ir2^'+i]) 

T{{X^^+^Y‘^^+^S,XS)) = [ATS] G L([A: 2 *y 2 j+i]) 

= [ys] G L([A:2*+iy2i]) 

T((A: 2 *y 2 i+i 5 -^^ 5 <)) = [ATS] G L([A: 2 *-Iy 2 i+ 1 ]) 

we may conclude that these elements constitute a basis for Arf^(G). 

We revert to one of the examples of chapter 1 . 

Example. Let G be the group with presentation 

G := (AT,y, s I s^ = (ys)^ = (ys)'‘ = {Y^sf = 1, Ary = yA:). 

2.12 Proposition. 

{( 1 , 1 )} u {(A:2*+iy2is,s) I f > 0 } 
u {(a:2w4i+2s,s) I j > 0 } 
u {(A: 2 *+iy 4 i+ 25 ', xs) I j > 0} 

is a basis for Arf^’^(G). 

Proof. We know already that these elements generate Arf^(G). To prove 
independence we use our invariant T. We proceed to compute the summands 
L(c) of value group J{G). It is not hard to verify that 

G(G) = {[ 1 ]} U {[A: 2 *+iy 2 i] I i > 0} U {[ATW^l+i] | j > O} . 

We omit the proof. 

f G2 if C = [ 1 ] 

. . _ I G/(x, y2, (ys)2) ^ G2 X G2 if c = [y2*+iy2j] 

(ES) 2 ) ^ G2 X G2 if C = [y2*y2i+lj 

I G/{X\ XY, (ys)2) ^ G2 X G2 if c = [X2*+iy21+i]. 

Note that the class of S is non-trivial in any L(c). Further, the classes of X, S 
and XS in L([X^®y^l+^]) as well as in L([X^®+^y^l+^]) are distinct. Now we 
can use the list of images 

T((l,l)) = tGG2 

T((y 2 *+iy 2 j 5 .^ 5 ')) = [S'] G L([y 2 *+iy 2 j]) 

T((^4*y4j+2^,^)) ^ [S] G L([y2*y2j+ij) 

T{{X^^+‘^Y^^+‘^S,S)) = [S] G L([y2*+iy2j+i]) 

T{{X^^+^Y^^+^S,XS)) = [ys] G L([x2w2j'+1]) 

t{{x^^+^y^ 3 +^s,xs)) = [ys] G L([y2*+iy2j'+i]) 
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to see that the assertion is true. 


Example. Let G be the group with presentation 

{X, Y,Z,S\ X, Y, Z commute , S'^ = {XSf = {YSf = {ZSf = 1 ). 

Let c G Cl{G) be the class of XYZ. The invariant T maps 

C := {XYS, SZ) + {XZS, SY) + {YZS, SX) + {XYZS, S) G Arf'‘(G) 

to the class [SZSYSXS] = [ 1 ] G L(c) = GI{X'^,Y'^,Z'^,XYZ). But it is not 
clear at all whether ^ is trivial in Arf^(G). 
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3 Groups with two ends. 


We wish to prove that our invariant T is injective for all groups having two 
ends. For that purpose theorem IQ gives a suitable characterization of these 
groups. 

Notation. Throughout this section 


G denotes a group, 

E denotes a finite group, 

C denotes the infinite cyclic group. 

Cm denotes the cyclic group of order m, 

D denotes the inhnite dihedral group 

with presentation < S,T \ = {ST)"^ = 1 >, 

Dm denotes the dihedral group of order 2m 

with presentation < cr, r | cr^ = (crr)^ = r™ = 1 > . 


3.1 Theorem. m The following statements are equivalent; 

1. G has two ends. 

2. G has an infinite cyclic subgroup of finite index. 

3. G has an infinite cyclic normal subgroup of finite index. 


Proof. We refer to loc. cit. for a proof. 




3.2 Definition. A group extension of C by if is a short exact sequence of 
groups and homomorphisms 


l^C^G^E^l 

The extension is called central if the image of C is central in G. 

3.3 Theorem. 

1. l^C—>G^E^lisa central extension if and only if G fits into a 
pull-back diagram 

G ^ E 

I i 

C ^ Cm 

2. l^C^G^E^lisa non-central extension if and only if G fits into 
a pull-back diagram 

E 

i 


G 

i 

D 
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Proof. In the sequel we will regard C as a subgroup of G. 

1 . “=J>” Suppose 1 ^ C ^ G ^ 1 is a central extension. Define 

the so-called transfer homomorphism (j):G^Ca.s follows: choose a set 
theoretic section a: E ^ G ot the projection tt-.G^E such that a(l) = 1 
and define 

■= n for all g G G. 

eeE 

Note that 


o a{e)ga{eTr{g)) ^ G KerTr = G for all e G £1 and g G G. 
o (f) does not depend on the choice of a: 

If a' is another section of tt we have Q;(e)Q;'(e)“^ G G for every e G E. 
Hence 


a{e)ga{eTr{g)) ^ 

eeE 


a'{e)ga'{e7r(g)) ^ ■ 

eGB 

a(e)a'(e)“^ • 

eGB 

a'{eTT{g))a{en{g))-'^ 

eGB 

a{e)ga{e7r{g))~^ 

eGB 


o 0 is a homomorphism: 

H9192) = a{e)gig 2 a{e 7 r{gig 2 ))~^ 

eGB 

= n • a{e7r{gi))g2a{e7r{gi)Tr{g2))~^ 

eGB 

= H 9 l)<P{ 92 ) 

o (j){c) = for every c G G. Here |£ 1 | denotes the cardinality of E. 


Now it is easy to verify that G fits into the pull-back diagram 

G ^ E 




4 >' 


G 



C„ 


where m := |£1|/[C' : Imc/)], 

[G : Im (j)\ is the index of Im (j) in G, 

(j)' :=e^ 

e is an isomorphism Im (f> ^ G and 
p:G ^ Gm is the canonical projection. 
Note that pcjy'a does not depend on a. 
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4>{ugu ^ = u ^(j){ugu ^)u 

= u~^a(e)ugu~^a(e7r(ugu~^))~^u 

eGKer(w) 

= u~^a(e)ua( 7 r(u)~^e 7 r(u))~^ ■ 

eGKer(w) 

a(7r(u)~^e7r(u))ga(7r(u)~^e7r(u)7r(g))~^ ■ 

eGKer(w) 

a(7r(u)~^e7r(u)7r(g))u~^a(e7r(ugu~^))~^u 

eGKer(w) 
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In particular 4 >{u^) = 1 and ip is a, homomorphism. 

Again it is easy to verify that G hts into the pull-back diagram 


G 


E 


i’’ 

D D 


P'11)' OC 


where 2 m := |A|/[£) : Ixaip], 

Note that m ■ [D : Ivaip] = \ Ker(w)| and \E\ = 2 | Ker(ri;)|. 
Ip' := eo V', 

e is an isomorphism Im ip ^ D and 
p: D ^ Dm is the canonical projection. 

Note that pip'a does not depend on a. 


1 1 

D ^ Dm 

is a pull-back diagram, then 

1 —> G —> G E —>1 


ci-^ (c'", 1) 

{d, e) 1-^- e 


is obviously a non-central extension. 
This completes the proof. 
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4 T for groups with two ends. 


This section is devoted to the following theorem. 

4.1 Theorem. The invariant T: Arf^(G) —*■ Cf{G) is injective for all groups G 
having two ends. 


4.2 Lemma. For all A: G N the relation 

(a, 6) = (a, a(a6)^ ) = {b,b{ab)^ ) 

holds in Arf'‘(G). 

Proof. By the relations mentioned in remark 12.71 of chapter I, we have 
(a, 6) = {a,bab) = (a,a(a 5 )^) and (a, 5 ) = {b,a). The rest is obvious. • 

4.3 Lemma. If (a,az) and {b,bz) are elements of Arf^(G) and abz’’ has finite 
order, for some f G Z, then (a, az) = {b, bz). 


Proof. First we consider the case that i = 0 . Let us write x = ab and let’s 
say that the order of x equals 2^m with m odd. 

Note that of =b‘^ = {azY = 1 and xz = zx. Using the relations of remark [T 7 I 
of chapter I we equate 


{b,bz) = (ax,axz) 

= (ax^,ax^z) 

= {ax'^^ax'^z^") 

= (ax'^.ax'^iax'^azf) 
= {ax'^.az) 

= (aZjOa;’”) 

= {az,az{azax^Y ) 

= {az,az{aza)'^ ) 

= (az,a) 

= (a, az) 


The case i 0 can be reduced to the previous case: 

{b,bz) = {z~^bz\ z~^bzz^) = {hz'^\bz'^^^^) 
ib,bz) = {b,bbzb) = {b,bz-^) = {bz‘^\bz^^-^) = {bz^^-\bz^^), 
thus {b,bz) = {bz\bz^+^). 


4.4 Proposition. In the case where G fits into a pull-back diagram 

G —> E 


T is injective. 


G 


G„ 
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Proof. Let x G Ker(T). The relations in Arf^(G) listed in remark IT7I of 
chapter I and remark [T 7 I on the structure of J^(G) allow us to assume, without 
loss of generality, that 

X = y^(ai,aiz). 

Every product of two elements of order two, is of finite order, since all elements 
of order two in G take the form (l,e). So we may use lemma ^31 to see that 
X = 0 or cc = {a,az). But according to lemma [^.lll Tlla. azB is non-trivial, so 
the second case does not occur. • 


It remains to show that T is injective for groups G which fit into a pull-back 
diagram 

G E 

D ^ D 2 m 

Intermezzo. 


4.5 Definition. Let G be a group. Suppose we have 2 -primary elements 
a,b G G which satisfy [a,6^] = [a^,6] = 1 . Here [x,y\ denotes the commutator 
xyx~^y~^. Denote by H the subgroup of G generated by a and b. The matrix 

/a l\'^_/a-|-a“^ I \_/^a(l-|- a“^) 1 \ 

\0 bj^yo b) 1 b + b-^)~\ I bil + b-"^)) 

is invertible, since 1 -I- and 1 -|- b~^ are nilpotent and central inlF2[iL]. It is 
therefore legitimate to define 


p{a,b) 







We call such elements of L^{H) as well as their images in L^{G) pseudo-arfian. 

Notice that p{a,b) is not necessarily an element of Arf^(iL) or Arf^(G). How¬ 
ever, applying theorem II .541 of chapter I to the ring F2[7L] and its nilpotent 
ideal (a^ -I- 1 , 6 ^ -I- 1 ) yields an isomorphism 

L^(iL) L^{H/ < a'^,b^ >), 

which maps p{a,b) G L^{H) to the Arf-element (a, 5 ) G Arf^(iJ/ < a?,b^ >) : 



p(a, b) 1- 

{a,b) 

Arf'‘(G) ^ 

- Arf'‘(iL) -- 

Aif^{H/ <a^,b^ > 

n 

n 

n 

L’^{G) ^ 

- L'^{H) ^ 

<a'^y >) 
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4 . 6 . Let G be a group and g,z & G. Assume g ^zg = z ^ and g is of finite 
order, say 2 ’'ro with tq odd. Define H as the subgroup of G generated by z and 
h := g^°. 

Since h~^zh = z~^, i.e. = (hz)^ we obtain a pseudo-arf element p{h, hz) G 
L^{H). The question is whether this element depends on h. 

4.7 Theorem. Let E be a finite group. The invariant wf" of chapter II induces 
an isomorphism 

L^{E) —> k/{x + \ x & k} 

Here the summation runs through all representations p'.IFilE] Mn{k) which 
take the form p{e)~^ = P~^p^e)*P for all e G E, for some invertible matrix P 
and t means matrix transpose. What’s more, the image of p{h,hz) under this 
isomorphism is the element which has [Tr(p(z))] at the place with index p. In 
particular p{h, hz) does not depend on h. 

Proof. Define R :=F2[i?]/rad(]F2[i?]) where rad means Jacobson radical. For 
every ring A, we denote by A the truncated polynomial ring A[T]/(T^) and 
in this context (T) is the two-sided ideal of A generated by T. Consider the 
following diagram. 


L^{E) 

= 1 



i 

L'^{R) 


H^iK^iR)) 

(HA) 


JJO (©ifi(A)) 

^ 3 



~ A 



— 4 


{®{k* © 1 + Tkj 

©,Arf^%) 


“i 

\ 


/ 


0 ^ Coker (1 -|- aj) 



©, Z /2 



We elucidate the diagram. 
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1 . It follows from theorem II. If 41 of chapter I that L^{E) and L^{R) are iso¬ 
morphic, because rad(F2[iil]) is a nilpotent ideal. 

2 . The ring R is artinian and rad(i?) = 0 , so we can apply the Wedderburn- 
Artin theorem. In our case this reads: R is isomorphic to a direct product 
of full matrix rings over finite fields of characteristic two. Explicitly, 

R = X{d,- 

here Di := Mn^{ki) is the ring of {rii x ni)-matrices over the finite field ki 
and char(/ci) = 2. 

Denote by pi the composition F2[E] ^ R ^ ^ Di ^ Di. 

3 . Let ~ denote the (anti-) involutions on R and Y\Di induced by the in¬ 
volution on F2 [E]. Before we decompose ])[ as a product of rings with 
involution, we fix some notations concerning finite fields of characteristic 
two. If k is such a field, the group of automorphisms of k is cyclic and 
generated by the Frobenius automorphism a:k ^ k which assigns to an 
element x of fc its square. The field trace Tr: k —»]I^ induces an isomor¬ 
phism Coker(l -|- cr) ^F2. If the degree of k overF2 is even there exists a 
unique automorphism of order two, which we denote by a. 

Now, for a factor D = M„(fc) of ])[ Di we have three possible cases: 

• I? is invariant under the involution, i.e. D = D, and the restriction 
of ~ to fc is a. 

• D = D and the restriction of ~ to fc is the identity. Since the 
composition of the (anti-) involution ~ with matrix transpose is a 
fc-linear automorphism of D, this composition takes the form X 1—> 
PXP~^, for some invertible matrix P. Further we may assume that 
P is symmetric, since this automorphism is of order two. Thus for 
aWX e D we have X = P-^X*P. 

• D ^ D. So D X D is a factor of Y\Di. If D x D° is endowed with 

the involution (x,?/) (y,x), the map D x D ^ D x D° defined 

by (x, y) (a:,y) is an isomorphism of rings with involution. Recall 
that o means opposite multiplication. 

Thus we obtain a decomposition of ])[ Di in which three different types of 
factors occur. The L-groups split accordingly. See e.g. m- We assert 
that only the groups L^{D), where D is of the second type, survive. 

In the first case we have 


L^(D,-,l)^L^fc,d,l) 

by Morita invariance. But L^{k, d, 1 ) = 0 by §6]. 

For the third case we will show that quadratic modules (M, 9 ) over the 
ring D x D°, with involution a(x, y) = (y, x), are in fact hyperbolic. Note 
that there is no need to worry about bases, because we are working in L^. 
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Define A := (1, 0), Mi := AM and M 2 := (1 + A)M. So M = Mi 0 M 2 . 
Since 6 ^: M —> M“ is an isomorphism and for all m,n G M 

be{{l + A)m)((l 0 A)n) = A(1 0 \)bg{m){n) = 0, 

the restriction of bg to M 2 yields an isomorphism M 2 ^ M“. Now it is 
easy to verify that the map 

(M, 0) —> M(Mi) = (Ml 0 M“, v) 


defined by 


m 1 -^ (Am, &e((l 0 A)to)) 


is an isometry. In Walls terminology m this says that {D x {0})M is a 
subkernel of M. This proves our assertion. 

We use the index j to refer to summands of the second type. 


4. L^{Dj, , 1) is isomorphic to L^{kj, 1,1) by Morita invariance. 

5. Since the field trace Tr: k —>]F 2 is surjective we can choose an element a 
in k such that Tr(a) = 1. The Arf invariant 

Wi^: Arf'"(fc, 1,1) ^ Coker(l 0 cr) 0 Z/2 


maps (a, 1) to the non-trivial element in Z/2. Combining this with the 
fact that L^{k, 1,1) = Z/2, see § 6 ], we find 

1,1) = Arf^(fc, 1,1) ^ Z/2. 


6 . It is almost immediately clear from the definition of ATi, that for all rings 
A, B one has Ki{A x B) ^ Ki{A) ® Ki{B). 

7. The argument here is roughly the same as the one on the ‘L-side’ of the 
diagram (item 3). By Morita theory we have Ki{D) = Ki{k). Alterna¬ 
tively one can ^ee this directly by looking at the definition of Ki. Since 
the projection k k splits we have 

Ki(k) ^ Ki{k) ® Ki(k, (T)). 

It is well-known that Ki{k) = k*, the group of units in k and we already 
saw that Ki{k, (T)) = 1 0 Tk. To decompose 0^ Ki{Di) into invariant 
parts, we consider the same three possibilities: 

• D is invariant under the involution and the restriction of ~ to fc is 
a. In this case 

H°{Ki{D)) = H°{k* 0 (1 0 Tk)) = H°{k*) 0 H°{1 0 Tk). 

But H'^{k*) vanishes, because k* has odd order. And in the third 
section of chapter II we computed i7°(I 0 Tk) = C{k), but this also 
disappears since H^{k;(T) = 0 . 
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• D = D and the restriction of ~ to A: is the identity. By the same 
arguments as in the previous case we obtain H^{Ki{D)) = C{k), 
but now C'(fc) is precisely Coker(l + a). 

• D ^ D. Here the involution interchanges the summands Ki{D) and 
Ki{D), so clearly dies. 

Thus only the summands of the second type survive. 


This completes the proof of the first part of what the theorem asserts. To prove 
the second part let p-.W 2 [E] —s- I? = Mn{k) be a representation of the special 
kind, i.e. D is of the second type, and assume that p{h) = H and p{z) = Z. 
Then 


(p{h,hz)) = wj 


h 1 
0 hz 


0 1 
0 0 


Now 


0 + L 


h + {l + T)h-^ 1 

(1 + T) hz + (1 + T)[hz) ^ 


and 


0 0 j ^ ^ ^ M 0 0 


0 1 

(l + T) 0 


SO 


{p{h,hz)) = 


h+{l+T)h-^ 1 

(l + T) hz+il + T)ihz)-^ 


0 1 

(l + T) 0 

1 /r(l + T)-i + /i-i 

hz + {1 + T){hz)~^ 1 

1 + h^z(l + T)-i + h-^z{l + T) h{l + T)-i + /i-i 
0 1 

l + h'^z{l + T)-^+ h-^z{l + T) 0 

0 1 

[(1 + h^z{l + T)-i + h-^z{l + T))] e H°{Ki{R)). 

The image of this element in 7J°(1 + Tk) equals 


[det (1 + H^Z{1 + T + T^) + i7“^Z(l + T))] 

= [det (1 + H^ZT"^)] [det (l + + H-^)Z(1 + T))] 

= [det (1 + H^ZT^)] 

= [1 + Tr{H^Z)T^] 

= [1 + Tr(Z)T2] 
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Here 


det{l + {H^ + H-^)Z{l + T)) = 1 and Ty{H^ Z) = Tt{Z) 

by lemma ^31 because + H~^)Z and 1 + are nilpotent. Finally, the 
image of [1 + Tr(Z)r^] in Coker(l + a) equals [Tr(Z)] = [Tr(p( 2 ;))] according to 
the computations in chapter 11 . • 

4.8 Lemma. If H is a finite dimensional fc-vectorspace, N-.V ^ H is a nilpo¬ 
tent linear map and s is an indeterminate, then 


Tr(A^) = 0 and det(l -I- sN) = 1. 


Proof. Suppose A” = 0. We 

apply induction 

on n. 

If n = 1 the matter is clear. 



If n > 1 consider the diagram 



0 —> NV 

— 1/ 

V/NV 

h 


1 ° 

0 —> NV 


V/NV 


The first vertical map in this diagram has nilpotency degree n— 1 and N:V —> V 
Q Q I. This proves the assertions. • 

End intermezzo . 

4.9 Theorem. If {a,b) + {c,d) G Ker(T), then {a,b) = {c,d) in Arf^(G). 

Proof. Note that (a, b) + (c, d) € Ker(T) if and only if 

[a5] = [cd\ G C£{G) and \bd] = 1 G L([a5]). 

Again the relations in Arf^(G) and the structure of J{G) allow us to assume 
that ab = cd. Elements of order two in G either have the form (1, e) with = 1 
and p{e) = 1 or the form (5'T*, e) with = 1 and p(e) = p{ST^). Thus we may 
assume that 

{a,b) + {c,d) = ((A,e), (AT®,ez)) -I- {{AT^,ex), (AT*+^, ea;z)). 


where 

. A = ST'^: if A = 1 we are through by lemma lOl 
• e,x,z £ E satisfy = (ea;)^ = (ez)^ = 1 and xz = zx 
■ [{TGx)] = 1 gL{[{T\z)]). 

Lemma lO permits us to replace {T'^,z) by any power-of-two power of {T'^,z). 
Hence we may assume that z has odd order, let’s say order Iq = 21 — 1. 
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Case 1: i ^ 0. 

Write m = 2^mo and i = 2'^io with toq and ig odd. Since (T\ z) G G and 0 has 
order Ig in E, we have m\ilg, i.e. ^ < r and mo|io^o- If ^ < t, then 

((A,e),(Ar,ez)) = ((A,e),(Ar/ 2 ,ez')), 

by lemma 10 where 

• because iZ = i/2 (mod to) 

. = {T\z). 

So we may assume that fi = t. 

Further, conjugation by a suitable power of {T^,x) allows us to replace {T^,x) 
by any odd power of (T-^, x). Thus we may assume that x has order a power of 
2 , let’s say 2^. 

o If necessary we conjugate by (T’", 1) to achieve that 0 < j < 2m. 
o If TO < j < 2 to, then conjugation by x) yields 

{{AT^,ex),{AT^+\exz)) = ((AT^’"-^', ex"^), (Ar+2™-^ ea;-^z)), 
so we may assume that 0 < j < to. 

It is important to note that these changes do not affect the order of x. 
o If j = 0, then lemma 101 gives the desired result, 
o If j = TO, then conjugation by ( 7 ^(™+d/ 2 ^ yields 

((Ar’",ex),(Ar*+'",exz)) = ((AT-\ exz-^‘), (A, exz^-^‘)) 

= ((A,e),(AT\ez)) 

The second identity follows from lemmaNote that (y(™+*)/ 2 ^ g q 
if and only if (i + to)/2 = il (mod to). But this condition is satisfied 
because 


(i + m)/2 = 2^{ig + mg) 12 = 2^igl = il (mod 2^mg). 

This finishes the proof in the case that j = to. 

o If 0 < j < TO, write j = 2'^jg with jg odd. 

We know that {T^,x) G G and x has order 2^ in E, hence TO|j2^, i.e. 
IJ, < k + v and too| jo- Taking the fact that j < m into account this implies 
ly < fi. 

■ Choose r G IN such that r > k + v and Zo|2’^ — 1. 

• Define w := . 
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• Choose an e which satisfies the congruence 

je + = j + (mod to). 

This is possible: 
mod Too it reads 


= io2'' 

iQ2''{{2lY-'' -1) = 0 

zo2‘^((;o + 1)'^-" - 1) = 0, 

but since too|jo^Oj this is automatically true; 
mod 2^ it reads 


2 ‘'jo(e - 1) = (mod 2^ 

which is equivalent to 

Jo(e-l) = *o (mod2'""‘"), 


but since jo is odd this is solvable. 

• ex{exex^'wY = ex(x'^wY = exz"^ ** 

• Define j := j — (2’" — l)2‘"io and x := x^. 


These definitions and facts support the following computation. 


{{AT^, ex), , exz)) 

(r — /i times lemma ^21 
(r — V times lemma 

(r times lemma Ot 

Y — V times lemma ^21 

(r times lemma Ot 


{{AT\ex),{AT^'' '^+\exz^'' ")) 

((AT^ ex), (AT*“2 ‘'+j\ eiw)) 
((ArJ+ 2 -^*o- 2 '-+‘'*o ^ (Ar*'>2‘'+^ exw)) 

{{AT^ex), {AT°‘^^*‘'+\exw)) 

((AT-t, ex), (AT*^ , exw)) 

((AT-’, ex), (AT*'*"-^, exz)) 


Observe that j is a multiple of 2 '^+^too. Thus we replace the old {T^,x) 
by a new one. Apply one of the preceding steps if j > to or j < 0. 


Repeat this process until y, = v, which implies TO|j. 

This completes the proof in this first case. We did not need the fact that 
[(T-^, x)] = 1 S L([(r*, z)])! This means that the primary Arf invariant is already 
good enough to detect the Arf-elements in this case. 


Case 2: i = 0. 

Our purpose is to show that 

((A, e), A, ez)) = {{AT^, ex), {AT^,exz)) G Arf^(G). 

We apply induction on j, as follows. 


no 


o If j < 0 or j > 2m, 

we conjugate by a suitable power of (T”^, 1), to attain 0 < j < 2m. 
o If m < J < 2m, 

we conjugate by (AT™, e), to achieve 0 < j < m. 

o If j = 0 , 

lemma lOl does the job. 

o If j Irn, _ 

we define d := gcd(j,m). Obviously for some no & Z. 

Now conjugating by (T^, x^°) allows us to replace j by j — 2d. Notice that 
j — 2d> 0. 


o If j|w. 


there are two possibilities. If there exists {T‘^,y) € with 0 < c < j, 

then we conjugate by {T’^, y) to replace j by j — 2c. We have 


j+2<j-2c<j-2. 


Conjugating by (A,e), if necessary, yields 


0 < j - 2c < j - 2. 


If there is not such a c, then the elements of G(i 2 ) either have the form 
(T'^*', ••) or (ATf”, ••). Since any element of 


Ker(G(i_2) ^ -^'(1,^)) 


is a product of squares and 2-power roots of ( 1 , 2 :), so is (T^,x). A little 
examination reveals that this can only happen when there exist 2-power 
roots 2/1 and 2/2 of z such that (A, 2 / 1 ), (ATf, 2 / 2 ) € G 
Consider the pull-back diagram 


G —> E 


p 


D 


and dehne 


:=p-i(< >) 

ji'.Fi ^ G by 
F2 :=p-^i< ar'^+i >) 
j 2 -F 2 ^ G by 
To := Ti n T 2 = Ker(p) 

To := Ker(r(;: T ^ Aut(G)) 
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Now z G Fq, e G Fi, ex G F 2 and in the diagram 

Fq C Eq 

n n 

Fi C E 

[Fi : Fq] = [E : Eq] = 2 and [E : Fi] = [Eq : Fq] = m. 

We know there exist yi G Fi\Fo such that yiz = zyi. Then we have eyi G 
Eq and eyiz{eyi)~^ = z~^, so I4.fil eruarantees the existence of a pseudo- 
arf element p{fi, fiz) G F^(Fo). Analogous, the existence 2/2 G F2 \ Fq, 
satisfying y 2 Z = zy 2 , yields a pseudo-arf element p{f 2 ,f 2 z) G L^{Fq). 
through the element exy 2 G Fq. 

But these pseudo-arf elements must coincide by theorem 14.71 


P{f2,f2z) 

{ex, exz) 

Pifuhz) L\Fo) -. 

L'^{F2) 

1 


ie,ez) F^(Fi) 

F'®(G) 


Therefore we may conclude that 

ji*((e,ez)) = j 2 *{{ex,exz)) G L^{G). 

This completes the proof of theorem 01 • 

proof of theorem 101 Suppose we have an element of Arf^(C?) which is 
killed by T. As before we may assume that it has the form We 

apply induction on the number of terms occuring in the expression for our ele¬ 
ment in Arf^(G). Recall that we are dealing with terms like ((A, e), (AT®, ez)) 
and ((AT-^, ea;), (AT®+'^, exz)). If there are less than three terms theorem 14.91 
does the job. Thus assume that the number of terms exceeds two. If a term 
((1, ••), • • •) appears, lemma ^21 enables us to cancel two terms. Otherwise there 
are two cases: 

■ i^O 

We can cancel terms by the first case of theorem 14.91 without having any 
information on {T^,x). 

•1 = 0 

The following terms occur: 

{{A,e),{AT\ez)) 

{{AT^\exi),{AT^+^\exiz)) 

((AT^^ecc2),(Ar+^^ea:2z)) 
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Now define j = gcd(ji, j 2 ), say j = oiji + a 2 j 2 - We conjugate the second 
and third term by a suitable power of 


{T^,xi^xr) 


to obtain 

((A, ex), (A,exz)) 
or 

((Ar^ex),(Ar+^eiz)). 

Applying lemma E7H1 once more, we can cancel terms. 


We see that two terms cancel in all cases. 
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Samenvatting 


In dit proefschrift worden nieuwe invarianten in de algebrai’sche L-theorie 
bestudeerd. Een interessant bijprodukt van deze studie is de ontwikkeling van 
gereduceerde machtsoperaties in cyclische homologie. 

L-groepen van een ring met anti-structuur zijn in essentie Grothendieck 
en Whitehead groepen van de categorie van kwadratische modulen over die 
ring. Om meetkundige redenen is men vooral gei'nteresseerd in L-groepen van 
groepenringen. 

Hoofdstuk I behelst een eigenzinnige poging de relevante K- en L-theorie 
te etaleren en daarmee een geschikte setting voor de rest van het proefschrift 
te creeren. In hoofdstuk II worden it'-theoretische invarianten geconstrueerd 
door de anti-structuur op de gegeven ring, op een nogal exotische manier, uit 
te breiden tot de ring van formele machtreeksen over die ring. Deze invarianten 
generaliseren klassieke invarianten zoals de Arf invariant. Uitvoerige berekenin- 
gen aan de waardengroepen van deze nieuwe invarianten leiden vervolgens tot 
de bestudering van homologische invarianten in hoofdstuk III. Hiertoe worden 
gereduceerde machtsoperaties in Hochschild, cyclische en quaternionische ho¬ 
mologie gefabriceerd. Hoofdstuk IV tenslotte, is gewijd aan de toepassing van 
het voorafgaande op groepenringen. Het belangrijkste resultaat is hier dat de 
homologische invariant ‘goed genoeg’ is voor elke groep met twee einden (Stelling 
4.1). 
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